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1. Introduction

The idea of statistical convergence was introduced by Steinhaus and also independently by Fast for real or complex
sequences. Statistical convergence is a generalization of the usual notion of convergence, which parallels the theory
of ordinary convergence.

Let K be a subset of the set of positive integers N X N X N, and let us denote the set {(m,n,k) €eK : m<un<
v,k < w} by K,,,,. Then the natural density of K is given by 6(K) = lim,, ;, 00 Kuvwl \here | K, | denotes the

uvw '

number of elements in K,,,,,,. Clearly, a finite subset has natural density zero, and we have 6§(K¢) = 1 — §(K), where
K¢ = N\K is the complement of K. If K; € K, then §(K;) < 6(K5).
Throughout the paper, R denotes the real of three dimensional space with metric (X, d). Consider a triple sequence

X = (Xmni) SUCh that x,,,x € R, m,n, k € N.
A triple sequence x = (x,) 1S Said to be statistically convergent to 0 € R, written as st — limx = 0, provided that
the set

{m,n, k) € N3: |x 0| = &}
has natural density zero for any € > 0. In this case, 0 is called the statistical limit of the triple sequence x.
If a triple sequence is statistically convergent, then for every € > 0, infinitely many terms of the sequence may remain
outside the e-neighbourhood of the statistical limit, provided that the natural density of the set consisting of the indices
of these terms is zero. This is an important property that distinguishes statistical convergence from ordinary
convergence. Because the natural density of a finite set is zero, we can say that every ordinary convergent sequence
is statistically convergent.
If a triple sequence x = (X)) Satisfies some property P for all m, n, k except a set of natural density zero, then we

say that the triple sequence x satisfies P for almost all (m, n, k) and we abbreviate this by a.a. (m,n, k).
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Let (xminjkl) be a sub sequence of x = (X ). If the natural density of the set K = {(m;, n;, k;) € N*: (i, j, £) € N3}
is different from zero, then (xminjkl) is called a non thin sub sequence of a triple sequence x.

¢ € Riis called a statistical cluster point of a triple sequence x = (xn.,) Provided that the natural density of the set
{m,n, k) € N3: |xp — | < &}

is different from zero for every ¢ > 0. We denote the set of all statistical cluster points of the sequence x by [.

A triple sequence x = (X% ) s said to be statistically analytic if there exists a positive number M such that
S({(m,n, k) € N3: |xpnie |V/™ 4K > M}) = 0

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure theory,

turnpike theory, approximation theory, fuzzy set theory and so on.

The idea of rough convergence was introduced by Phu [8], who also introduced the concepts of rough limit points and

roughness degree. The idea of rough convergence occurs very naturally in numerical analysis and has interesting

applications. Aytar [1] extended the idea of rough convergence into rough statistical convergence using the notion of

natural density just as usual convergence was extended to statistical convergence. Pal et al. [7] extended the notion of

rough convergence using the concept of ideals which automatically extends the earlier notions of rough convergence

and rough statistical convergence.

Let (X, p) be a metric space. For any non empty closed subsets 4, A, © X(m,n, k € N), we say that the triple

sequence (A) i1s Wijsman statistical convergent to A is the triple sequence (d (x, Amnk)) is statistically convergent

to d(x,A), i.e., for e > 0 and for each x € X

lim—|{m <rn <sk < t:|dQx, Apy) — d(x, A)| = €}| = 0.
r,s,t st

In this case, we write St — lim,xAmnk = A OF Apnr = A(WS). The triple sequence (A,,nx) iS bounded if
SUP; k@ (X, Apny) < oo for each x € X.

A triple sequence (real or complex) can be defined as a function x: N x N x N = R(C), where N, R and C denote the
set of natural numbers, real numbers and complex numbers respectively. The different types of notions of triple
sequence was introduced and investigated at the initial by Sahiner et al. [9, 10], Esi et al. [2-4], Dutta et al. [6],
Subramanian et al. [11], Debnath et al. [5], Aiyub et al. [12] and many others.

Throughout the paper let 8 be a nonnegative real number.

A triple sequence x = (X, ) IS Said to be triple analytic if

1
SUp | Xmni |mintk < oo,
mmnk

The space of all triple analytic sequences are usually denoted by A3. A triple sequence x = (x,,,,x) is called triple gai
sequence if

1
(m + n+ K)! xpue )™ > 0asm,n, k > oo.

Definition 1.1 For a triple sequence space x = (xnn) Of real numbers, the notions of ideal limit superior and ideal

limit inferior are defined as follows:
supB, , ifB,# ¢

I —limsup x = {_Oo . ifB, = ¢’

and
infA, , ifA, #¢
+o0 , ifA, =¢’

where 4, = {a € R: {(m,n, k) € N3:x,,x <a}€I}and B, = {b € R:{(m,n, k) € N3:x,,,,,,, > b} €I}

I — liminfx = {
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Definition 1.2 A triple sequence x = (x,,,,;) 0f real numbers is said to be statistically convergent to [ € R? if for any
€ > 0 we have d(A(g)) = 0, where

A(e) = {(m,n, k) € N3: |x, 0 — U] = €}

Definition 1.3 A triple sequence x = (x,,x) Of real numbers is said to be statistically convergent to [ € R3, written
as st — limx = [, provided that the set
{m,n, k) € N3: |x, — Il = €},
has natural density zero for every € > 0.
In this case, [ is called the statistical limit of the sequence x.

Definition 1.4 Let x = (X ) mnrenxnxy DE @ triple sequence in a metric space (X, |.,.|) and r be a non-negative
real number. A triple sequence x = (x,,) 1S said to be r-convergent to [ € X, denoted by x -7 [, if for any ¢ > 0
there exists N, € N X N x N such that for all m,n, k = N, we have

[ — Ul <T+ €

In this case [ is called an r-limit of x.

Remark 1.5 We consider r-limit set x which is denoted by LIM} and is defined by
LIM, ={l € X:x ->" 1}.

Definition 1.6 A triple sequence x = (x,,,) IS said to be r-convergent if LIM; # ¢ and r is called a rough

convergence degree of x. If » = 0 then it is ordinary convergence of triple sequence.

Definition 1.7 Let x = (x,,x) be a triple sequence in a metric space (X, |.,.|) and r be a non-negative real number

is said to be r-statistically convergent to I, denoted by x »"~5%3 [, if for any £ > 0 we have d(A(s)) = 0, where
A(e) ={(m,n, k) ENX N XN: |xpc — | =7+ €}

In this case [ is called r-statistical limit of x. If » = 0 then it is ordinary statistical convergent of triple sequence.

Definition 1.8 A class I of subsets of a nonempty set X is said to be an ideal in X provided
o€l

(ii)A,B €l impliessAUB € I

(iiiA€l,BcAimpliesB € I.

I is called a nontrivial ideal if X & 1.

Definition 1.9 A nonempty class F of subsets of a nonempty set X is said to be a filter in X. Provided
(iYp €F.

(ii)A,B € FimpliesANBEF.

(iiiy)Ae F,Ac BimpliesB € F.

Definition 1.10 I is a non trivial ideal in X, X # ¢, then the class
F(I) ={M c X:M = X\A for some A € I}
is a filter on X, called the filter associated with I.
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Definition 1.11 A non trivial ideal I in X is called admissible if {x} € I for each x € X.
Note 1.12 If I is an admissible ideal, then usual convergence in X implies I convergence in X.
Remark 1.13 If I is an admissible ideal, then usual rough convergence implies rough I-convergence.

Definition 1.14 Let x = (x,,,x) be a triple sequence in a metric space (X, |.,.|) and r be a non-negative real number
is said to be rough ideal convergent or rI-convergent to [, denoted by x —™ [, if for any £ > 0 we have

{(m,n,k) e NXNXN: |xpx —ll =1+t €L
In this case [ is called rI-limit of x and a triple sequence x = (x,,nx) iS called rough I-convergent to [ with r as

roughness of degree. If r = 0 then it is ordinary I-convergent.

Note 1.15 Generally, a triple sequence y = (Vi) 1S N0t I-convergent in usual sense and [X,,nx — Vmnk | < 7 for all
(m,n, k) e NxN XN or

{m,n, k) € NX N X N: |Xpnk — Vmnk| =7} € L.
for some r > 0. Then the triple sequence x = (X,nx) IS rI-COnvergent.

Note 1.16 It is clear that rI-limit of x is not necessarily unique.

Definition 1.17 Consider rI-limit set of x, which is denoted by
I[—LIML ={L € X:x ->™ 1},
then the triple sequence x = (Xnx) IS said to be rI-convergent if I — LIML + ¢ and r is called a rough I-

convergence degree of x.

Definition 1.18 A triple sequence x = (x,,,x) € X is said to be I-analytic if there exists a positive real number M

such that
{(m,n,k) € N X N X N: [xpe | /™ > M} € 1.

Definition 1.19 A point L € X is said to be an I-accumulation point of a triple sequence x = (x,,x) in @ metric space
(X,d) if and only if for each £ > 0 the set

{m,n, k) € N3:d(xpnie, D) = % — Ul < €} £ .
We denote the set of all I-accumulation points of x by I(T}).

2. Definitions and Preliminaries

Definition 2.1 Let I; c P(N®) be a non-trivial ideal in N® and g be non-negative real number. A rough triple
sequence x = (x,,,,,) is said to be I3-rough convergent to some 0, it is denoted by I; — limx,,,,;, = 0 if for each & >
0, {(m,n,k) € N3 | — 0| =B + e} € L.

Note We shall denote the set of all I;-rough convergent triple sequences by I3.

2. I3-rough convergence

Theorem 3.1 If a rough triple sequence x = (x,,nx) IS I3-rough convergent to some limit, then it must be unique.



A.Esi et al. / TAMAP Journal of Mathematics and Statistics Volume 2019

Theorem 3.2 Let x = (Xppni) and y = (Vimni) b€ two rough triple sequences; then

(i) If x = (k) is rough convergent to 0, then x = (x,,n) iS I3-rough convergent to 0.

(i) If x = (xpnk) is I3-rough convergent to 0 and ¢ € R, then (cx,ny) is I3-rough convergent c0.

(i) If x = () aNd Yy = (Vi) are Is-rough convergent to 0 then (Xpni + Yimnk) iS I3-rough convergent to 0.

Theorem 3.3 Let x = (X;ni) and v = (Vmni) b€ two rough triple sequences, then
() Xk < Vimni Torevery (m,n, k) € K ¢ N3 with K € I,.
(i) Is — limx,,, = 04 and I; — limy,,,; = 0.

Then 0, < 0,.

Theorem 3.4 Let x = (Xppnk)y V= Wmni) @Nd z = (z;ynx) be three rough triple sequences such that x,,,, <
Vmnk < Zmnk, fOr every (m,n, k) € K with K € I.

(i) I3 — limx,py = I3 — limy,p = I3 — limz,,,, = 0, then I; — limy,,,, = 0.

Theorem 3.5 Let B be non-negative real number and I; c P(N®) be an admissible ideal in N3. Then the set I3 n A3

is closed subspace of the metric linear space A3.

Proof. Let xS0 = (x79) € 1> n A3, and x5 - x € A%, Since xSV € I® n A3, therefore there exist (yy..) such

that
IL—limx"Y =y rst=123,.. (3.1)

mn.k mnk

Furthermore, xSt — x, implies that there exists a positive integer M such that for every u >r>M,v>b >

Mw=t=M
QW) _ (st < % (3.2)
Also, there exist subsets K,,,,, K, © N3 such that K,,,,, K.+ € I3 such that
ek X = (33)
lim - x0) = Yy (3.4)

(m,n,k)EKyst

Now, the set K,,,,, N K,.5; IS Non-empty in I;. Choose (xiﬂ) € K,,w N K., then we have from (3.3) and (3.4)

5™ = Yuwwl < S andie =y < 55 (35)
Hence, foreveryu >r > M, v = b = M,w =t = M, we have from (3.2) to (3.4)
aaow = Vrsel < [Vavw = X501+ 5 = x50+ 10 = ol <5+ 24 B2 =gy (36)
This shows that (y,.;) is a rough Cauchy sequence and hence rough convergent. Let,
m yrge = y. (3.7)

Next we prove that x is I;-rough convergent y. Since x®) — x, by the triple analytic sequence of A3, it is also
coordinatewise convergent. Therefore for each € > 0 3 a positive integer n, (8 + €) such that

|xr(,:,slf{) — Xpni| < %; mnk =>n,(8 + ¢). (3.8)
Also from (3.7) we have for every € > 0 there exists n,(8 + ¢€) such that
Wk = Y1 < 5 5m,m ke 2 1,(B + &), (39)
Let n3(B + &) = max{n,(),n,(e)} and choose (rysyto) > n3(e). Then for any (m, n, k) € N3,
e = Y1 < o™ = Tk + e ™™ = Vrgsotol + Wrpsoto = V1

B+e t B+e
< + |x(T050 0 _ Yrosot0| + (3.10)

3 mnk 3
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by using (3.8) and (3.9).

- Argsot (55) = {Omm, k) € N et =y, 0 | = 2 (311)
AQB +2) = {(mn, k) € N [y — Y| = B + €} (312)

ot (55) = {Omm by € N3 oot —y, )< B (3.13)

A(B+¢&)={(mmnk) € N3 |xpu — V| < B + &} (3.14)

Hence any (m,n, k) € A7 ¢, (?) we have |Xp, —y| < B + € and therefore A7 s (%
implies that A(B + €) < Ay sot, (%) Since Ayys,¢, (%) € I3, we have A(B + €) € I;. Hence triple sequence of x

) c A°(B + €). This
is I;-rough convergent to triple sequence of y and x € I;. This shows that I; n A3 is closed linear subspace of A3.

4 I5-triple sequence of rough convergence

Definition 4.1 A rough triple sequence x = (x,ni) is statistically convergent to 0 if and only if there exists a subset
K = {m1111k1 <mypnyk, < - <mynjk; < } c N with §(K) = 1 such that limy, , ko0 Xmnk = 0.

Definition 4.2 A rough triple sequence x = (x,,n) iS I5-convergent to 0, if and only if, there exists a subset K =
{(mnjk,)} € N®, m,n,k = 1,2,3,...such that K € I and LMy j 1o Xompm iy = 0.

Theorem 4.3 Let I; be an admimissible ideal, 8 be a non-negative real number and (x,,,,) be a rough triple

sequence, I5 — limx,,;, = then I; — limx,,, = 0.

Proof. Let x = (x,n) b€ a rough triple sequence such that K = {(minjkl)} cN3suchthatK €I, (i.e N3 — K =
H € I3) and |xminjkl —0| > 0asi,j,# - oo. Then for £ > 0 there exists a positive integer i, j;#, such that |xminjkl -

0| < B +eforalli > iy, j > ji, k > k. Since the set
AB +¢) = {(minjkl) € K: Xk, — 0=p+ e} cAUH, (4.1)

where 4 = {myn,k; < mynyk, < -+ <my n; k; }and Iy is admissible, we have A U H € I5. Hence, we conclude

that I; — limx,,,, = 0.

5. I3-Cauchy and I5-Cauchy rough triple sequence spaces

Definition 5.1 A rough triple sequence x = (x,,nx) is said to be I;-Cauchy if for each £ > 0 there exists integers R =
R(B+¢),S=SB+e)andT =T(B +¢)suchthatm,p =R, n,q=Sandk,r =T,
{(m,n, k) € N3: [y — Xpgr| = B + €} € L. (5.1)

Definition 5.2 A rough triple sequence x = (x,,,,,.) is said to be I;-Cauchy if there exists a subset K = {(minjkl)} c
N3,i,j,¢ = 1,23, .., K € I; and the rough triple subsequence (xminjkg) is an ordinary Cauchy sequence.
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Theorem 5.3 Let I3 be an admissible ideal. If a rough triple sequence (x,.,.x.) 1S I3-Cauchy then it is I;-Cauchy.

Theorem 5.4 A rough triple sequence x = (x,,,,,;) iS Is-convergent to 0, if and only if I;-Cauchy.

Proof. Let x = (xqi) be I3-convergent to for each € > 0 we have

A ={(m,nk) € N3 [ty — 0| = 5} e 1y (5.2)
A€ = {(m, n,k) € N3: Py — 0] < ‘%} €1l (5.3)

is non empty. We can choose (p, q,7) € A such that |x,,, — 0| < B + &, we denote
B+
B= {(m, 1,k) € N3: [Xpnmie — Xpgr| = T} € L. (5.4)
To Prove that B  A. Let (a, b, c) € B, then we have
(ﬁ + g) < |xabc - qur' =< |xabc - 6| + |qur - 6‘ =< ‘xabc - 6‘ +
B+e
=> —

B+e
_ 2
< |xapc — 0| and (a, b, c) € A.
= B c A, A € I3, therefore B € I5.
Conversely: Suppose that x = (x,,nx) IS @ I3-Cauchy. To prove that (x,,,,) is I3-convergent. Let (,8 + Epgri 4T =
1,2,3, ) be strictly decreasing sequence of humbers converges to zero. Since x = (x,,,) IS I3-Cauchy, there exist
positive integers of three strictly increasing sequences (R, ), (Spqr) @nd (T4, ) such that
B+e

{(m, k) € N*: [Xmnk = XRygrSparTgr| = %} € I5. (5.5)
Clearly, my,q,Npqrkpqr € N* such that

|xmpqrnpqupqr - xqurSpqupqr| < ,8 + Epqr- (56)
It follows that

|xqur5pqupqr - xqurSpqupqr' s |xmpqr”pqupqr - xqurquerqr‘ + ‘xmpqr"pqupqr - xqurSpqupqr|
< (,8 + qur) + (,8 + qur) - 0asp,q,r— oo

Thus {xmwnwkmr:p, q, v =1,2,3, } is Cauchy sequence and satisfies the Cauchy convergence criterion. Let
X arnpqrkpgr = 0. Since (epgrip, q,7 = 1,2,3,...,) = 0, given & > 0, there exists p,qo7, € N such that
B+ = B+
B + €pogqor, < Ts and [Xg,,, 5,0, Tpqr — 01 < Tg' P=Po,q=2qo, T = To- (5.7)

Now, we prove that the set
{m,n, k) € N3 [ty — 0] = B + €} € Apoqor,- (5.8)
Consider arbitrary (m,n, k) € N3. By equation (5.7)

ﬂ+s>

e = 01 = ok = Xaqspaigl + Krpgspg = 01 < Pmnke = gl + (—
and
,3 + Epodoro < |xmnk - 0‘

= (m,nk) €A and A © A, g7, SiNCE A € I;. Hence rough triple sequence of (x,,,x) is I3-convergent.
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