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1. Introduction 

The idea of statistical convergence was introduced by Steinhaus and also independently by Fast for real or complex 

sequences. Statistical convergence is a generalization of the usual notion of convergence, which parallels the theory 

of ordinary convergence. 

Let 𝐾 be a subset of the set of positive integers ℕ × ℕ × ℕ, and let us denote the set {(𝑚, 𝑛, 𝑘) ∈ 𝐾 ∶   𝑚 ≤ 𝑢, 𝑛 ≤

𝑣, 𝑘 ≤ 𝑤} by 𝐾𝑢𝑣𝑤. Then the natural density of 𝐾 is given by 𝛿(𝐾) = lim𝑢,𝑣,𝑤→∞
|𝐾𝑢𝑣𝑤|

𝑢𝑣𝑤
, where |𝐾𝑢𝑣𝑤| denotes the 

number of elements in 𝐾𝑢𝑣𝑤. Clearly, a finite subset has natural density zero, and we have 𝛿(𝐾𝑐) = 1 − 𝛿(𝐾), where 

𝐾𝑐 = ℕ\𝐾 is the complement of 𝐾. If 𝐾1 ⊆ 𝐾2, then 𝛿(𝐾1) ≤ 𝛿(𝐾2). 

Throughout the paper, ℝ denotes the real of three dimensional space with metric (𝑋, 𝑑). Consider a triple sequence 

𝑥 = (𝑥𝑚𝑛𝑘) such that 𝑥𝑚𝑛𝑘 ∈ ℝ, 𝑚, 𝑛, 𝑘 ∈ ℕ. 

A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be statistically convergent to 0 ∈ ℝ, written as 𝑠𝑡 − lim𝑥 = 0, provided that 

the set 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: |𝑥𝑚𝑛𝑘| ≥ 𝜀} 

has natural density zero for any 𝜀 > 0. In this case, 0 is called the statistical limit of the triple sequence 𝑥. 

If a triple sequence is statistically convergent, then for every 𝜀 > 0, infinitely many terms of the sequence may remain 

outside the 𝜀-neighbourhood of the statistical limit, provided that the natural density of the set consisting of the indices 

of these terms is zero. This is an important property that distinguishes statistical convergence from ordinary 

convergence. Because the natural density of a finite set is zero, we can say that every ordinary convergent sequence 

is statistically convergent. 

If a triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) satisfies some property 𝑃 for all 𝑚, 𝑛, 𝑘 except a set of natural density zero, then we 

say that the triple sequence 𝑥 satisfies 𝑃 for almost all (𝑚, 𝑛, 𝑘) and we abbreviate this by a.a. (𝑚, 𝑛, 𝑘). 
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Let (𝑥𝑚𝑖𝑛𝑗𝑘𝑙
) be a sub sequence of 𝑥 = (𝑥𝑚𝑛𝑘). If the natural density of the set 𝐾 = {(𝑚𝑖, 𝑛𝑗 , 𝑘𝑙) ∈ ℕ3: (𝑖, 𝑗, ℓ) ∈ ℕ3} 

is different from zero, then (𝑥𝑚𝑖𝑛𝑗𝑘𝑙
) is called a non thin sub sequence of a triple sequence 𝑥. 

𝑐 ∈ ℝ is called a statistical cluster point of a triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) provided that the natural density of the set  

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: |𝑥𝑚𝑛𝑘 − 𝑐| < 𝜀} 

is different from zero for every 𝜀 > 0. We denote the set of all statistical cluster points of the sequence 𝑥 by Γ𝑥. 

A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be statistically analytic if there exists a positive number 𝑀 such that 

 𝛿({(𝑚, 𝑛, 𝑘) ∈ ℕ3: |𝑥𝑚𝑛𝑘|1/𝑚+𝑛+𝑘 ≥ 𝑀}) = 0 

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure theory, 

turnpike theory, approximation theory, fuzzy set theory and so on. 

The idea of rough convergence was introduced by Phu [8], who also introduced the concepts of rough limit points and 

roughness degree. The idea of rough convergence occurs very naturally in numerical analysis and has interesting 

applications. Aytar [1] extended the idea of rough convergence into rough statistical convergence using the notion of 

natural density just as usual convergence was extended to statistical convergence. Pal et al. [7] extended the notion of 

rough convergence using the concept of ideals which automatically extends the earlier notions of rough convergence 

and rough statistical convergence. 

Let (𝑋, 𝜌) be a metric space. For any non empty closed subsets 𝐴, 𝐴𝑚𝑛𝑘 ⊂ 𝑋(𝑚, 𝑛, 𝑘 ∈ ℕ), we say that the triple 

sequence (𝐴𝑚𝑛𝑘) is Wijsman statistical convergent to 𝐴 is the triple sequence (𝑑(𝑥, 𝐴𝑚𝑛𝑘)) is statistically convergent 

to 𝑑(𝑥, 𝐴), i.e., for 𝜀 > 0 and for each 𝑥 ∈ 𝑋 

 lim
𝑟,𝑠,𝑡

1

𝑟𝑠𝑡
|{𝑚 ≤ 𝑟, 𝑛 ≤ 𝑠, 𝑘 ≤ 𝑡: |𝑑(𝑥, 𝐴𝑚𝑛𝑘) − 𝑑(𝑥, 𝐴)| ≥ 𝜀}| = 0. 

In this case, we write 𝑆𝑡 − lim𝑚𝑛𝑘𝐴𝑚𝑛𝑘 = 𝐴  or 𝐴𝑚𝑛𝑘 → 𝐴(𝑊𝑆) . The triple sequence (𝐴𝑚𝑛𝑘)  is bounded if 

sup𝑚,𝑛,𝑘𝑑(𝑥, 𝐴𝑚𝑛𝑘) < ∞ for each 𝑥 ∈ 𝑋. 

A triple sequence (real or complex) can be defined as a function 𝑥: ℕ × ℕ × ℕ → ℝ(ℂ), where ℕ, ℝ and ℂ denote the 

set of natural numbers, real numbers and complex numbers respectively. The different types of notions of triple 

sequence was introduced and investigated at the initial by Sahiner et al. [9, 10], Esi et al. [2-4], Dutta et al. [6], 

Subramanian et al. [11], Debnath et al. [5], Aiyub et al. [12] and many others. 

Throughout the paper let 𝛽 be a nonnegative real number. 

A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be triple analytic if 

 sup
𝑚,𝑛,𝑘

|𝑥𝑚𝑛𝑘|
1

𝑚+𝑛+𝑘 < ∞. 

The space of all triple analytic sequences are usually denoted by Λ3. A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is called triple gai 

sequence if 

 ((𝑚 + 𝑛 + 𝑘)! |𝑥𝑚𝑛𝑘|)
1

𝑚+𝑛+𝑘 → 0 as 𝑚, 𝑛, 𝑘 → ∞. 

 

Definition 1.1 For a triple sequence space 𝑥 = (𝑥𝑚𝑛𝑘) of real numbers, the notions of ideal limit superior and ideal 

limit inferior are defined as follows: 

 𝐼 − limsup 𝑥 = {
sup 𝐵𝑥 , if 𝐵𝑥 ≠ 𝜙
−∞ , if 𝐵𝑥 = 𝜙

, 

and 

 𝐼 − liminf 𝑥 = {
inf 𝐴𝑥 , if𝐴𝑥 ≠ 𝜙
+∞ , if𝐴𝑥 = 𝜙

, 

where 𝐴𝑥 = {𝑎 ∈ ℝ: {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 < 𝑎} ∈ 𝐼} and 𝐵𝑥 = {𝑏 ∈ ℝ: {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 > 𝑏} ∈ 𝐼}. 
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Definition 1.2 A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) of real numbers is said to be statistically convergent to 𝑙 ∈ ℝ3 if for any 

𝜀 > 0 we have 𝑑(𝐴(𝜀)) = 0, where 

 𝐴(𝜀) = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: |𝑥𝑚𝑛𝑘 − 𝑙| ≥ 𝜀}. 

 

Definition 1.3 A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) of real numbers is said to be statistically convergent to 𝑙 ∈ ℝ3, written 

as 𝑠𝑡 − 𝑙𝑖𝑚𝑥 = 𝑙, provided that the set 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: |𝑥𝑚𝑛𝑘 − 𝑙| ≥ 𝜀}, 

has natural density zero for every 𝜀 > 0. 

In this case, 𝑙 is called the statistical limit of the sequence 𝑥. 

 

Definition 1.4 Let 𝑥 = (𝑥𝑚𝑛𝑘)𝑚,𝑛,𝑘∈ℕ×ℕ×ℕ be a triple sequence in a metric space (𝑋, |. , . |) and 𝑟 be a non-negative 

real number. A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be 𝑟-convergent to 𝑙 ∈ 𝑋, denoted by 𝑥 →𝑟 𝑙, if for any 𝜀 > 0 

there exists 𝑁𝜀 ∈ ℕ × ℕ × ℕ such that for all 𝑚, 𝑛, 𝑘 ≥ 𝑁𝜀 we have 

 |𝑥𝑚𝑛𝑘 − 𝑙| < 𝑟 + 𝜀 

In this case 𝑙 is called an 𝑟-limit of 𝑥. 

 

Remark 1.5 We consider 𝑟-limit set 𝑥 which is denoted by 𝐿𝐼𝑀𝑥
𝑟  and is defined by 

 𝐿𝐼𝑀𝑥
𝑟 = {𝑙 ∈ 𝑋: 𝑥 →𝑟 𝑙}. 

 

Definition 1.6 A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘)  is said to be 𝑟 -convergent if 𝐿𝐼𝑀𝑥
𝑟 ≠ 𝜙  and 𝑟  is called a rough 

convergence degree of 𝑥. If 𝑟 = 0 then it is ordinary convergence of triple sequence. 

 

Definition 1.7 Let 𝑥 = (𝑥𝑚𝑛𝑘) be a triple sequence in a metric space (𝑋, |. , . |) and 𝑟 be a non-negative real number 

is said to be 𝑟-statistically convergent to 𝑙, denoted by 𝑥 →𝑟−𝑠𝑡3 𝑙, if for any 𝜀 > 0 we have 𝑑(𝐴(𝜀)) = 0, where 

 𝐴(𝜀) = {(𝑚, 𝑛, 𝑘) ∈ ℕ × ℕ × ℕ: |𝑥𝑚𝑛𝑘 − 𝑙| ≥ 𝑟 + 𝜀}. 

In this case 𝑙 is called 𝑟-statistical limit of 𝑥. If 𝑟 = 0 then it is ordinary statistical convergent of triple sequence. 

 

Definition 1.8 A class 𝐼 of subsets of a nonempty set 𝑋 is said to be an ideal in 𝑋 provided 

(i) 𝜙 ∈ 𝐼, 

(ii) 𝐴, 𝐵 ∈ 𝐼 implies 𝐴 ∪ 𝐵 ∈ 𝐼. 

(iii) 𝐴 ∈ 𝐼, 𝐵 ⊂ 𝐴 implies 𝐵 ∈ 𝐼. 

𝐼 is called a nontrivial ideal if 𝑋 ∈ 𝐼.  

 

Definition 1.9 A nonempty class 𝐹 of subsets of a nonempty set 𝑋 is said to be a filter in 𝑋. Provided 

(i) 𝜙 ∈ 𝐹. 

(ii) 𝐴, 𝐵 ∈ 𝐹 implies 𝐴 ∩ 𝐵 ∈ 𝐹. 

(iii) 𝐴 ∈ 𝐹, 𝐴 ⊂ 𝐵 implies 𝐵 ∈ 𝐹.  

 

Definition 1.10 𝐼 is a non trivial ideal in 𝑋, 𝑋 ≠ 𝜙, then the class 

 𝐹(𝐼) = {𝑀 ⊂ 𝑋: 𝑀 = 𝑋\𝐴 for some 𝐴 ∈ 𝐼} 

is a filter on 𝑋, called the filter associated with 𝐼.  
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Definition 1.11 A non trivial ideal 𝐼 in 𝑋 is called admissible if {𝑥} ∈ 𝐼 for each 𝑥 ∈ 𝑋. 

 

Note 1.12 If 𝐼 is an admissible ideal, then usual convergence in 𝑋 implies 𝐼 convergence in 𝑋. 

 

Remark 1.13 If 𝐼 is an admissible ideal, then usual rough convergence implies rough 𝐼-convergence. 

 

Definition 1.14 Let 𝑥 = (𝑥𝑚𝑛𝑘) be a triple sequence in a metric space (𝑋, |. , . |) and 𝑟 be a non-negative real number 

is said to be rough ideal convergent or 𝑟𝐼-convergent to 𝑙, denoted by 𝑥 →𝑟𝐼 𝑙, if for any 𝜀 > 0 we have 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ × ℕ × ℕ: |𝑥𝑚𝑛𝑘 − 𝑙| ≥ 𝑟 + 𝜀} ∈ 𝐼. 

In this case 𝑙 is called 𝑟𝐼-limit of 𝑥 and a triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is called rough 𝐼-convergent to 𝑙 with 𝑟 as 

roughness of degree. If 𝑟 = 0 then it is ordinary 𝐼-convergent.  

 

Note 1.15 Generally, a triple sequence 𝑦 = (𝑦𝑚𝑛𝑘) is not 𝐼-convergent in usual sense and |𝑥𝑚𝑛𝑘 − 𝑦𝑚𝑛𝑘| ≤ 𝑟 for all 

(𝑚, 𝑛, 𝑘) ∈ ℕ × ℕ × ℕ or 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ × ℕ × ℕ: |𝑥𝑚𝑛𝑘 − 𝑦𝑚𝑛𝑘| ≥ 𝑟} ∈ 𝐼. 

for some 𝑟 > 0. Then the triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is 𝑟𝐼-convergent. 

 

Note 1.16 It is clear that 𝑟𝐼-limit of 𝑥 is not necessarily unique. 

 

Definition 1.17 Consider 𝑟𝐼-limit set of 𝑥, which is denoted by 

 𝐼 − 𝐿𝐼𝑀𝑥
𝑟 = {𝐿 ∈ 𝑋: 𝑥 →𝑟𝐼 𝑙}, 

then the triple sequence 𝑥 = (𝑥𝑚𝑛𝑘)  is said to be 𝑟𝐼 -convergent if 𝐼 − 𝐿𝐼𝑀𝑥
𝑟 ≠ 𝜙  and 𝑟  is called a rough 𝐼 -

convergence degree of 𝑥. 

 

Definition 1.18 A triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) ∈ 𝑋 is said to be 𝐼-analytic if there exists a positive real number 𝑀 

such that 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ × ℕ × ℕ: |𝑥𝑚𝑛𝑘|1/𝑚+𝑛+𝑘 ≥ 𝑀} ∈ 𝐼. 

 

Definition 1.19 A point 𝐿 ∈ 𝑋 is said to be an 𝐼-accumulation point of a triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) in a metric space 

(𝑋, 𝑑) if and only if for each 𝜀 > 0 the set 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑑(𝑥𝑚𝑛𝑘 , 𝑙) = |𝑥𝑚𝑛𝑘 − 𝑙| < 𝜀} ∈ 𝐼. 

We denote the set of all 𝐼-accumulation points of 𝑥 by 𝐼(Γ𝑥). 

2. Definitions and Preliminaries 

 

Definition 2.1 Let 𝐼3 ⊂ 𝑃(ℕ3)  be a non-trivial ideal in ℕ3  and 𝛽  be non-negative real number. A rough triple 

sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be 𝐼3-rough convergent to some 0̅, it is denoted by 𝐼3 − 𝑙𝑖𝑚𝑥𝑚𝑛𝑘 = 0̅ if for each 𝜀 >

0, {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 0̅ ≥ 𝛽 + 𝜀} ∈ 𝐼3. 

Note  We shall denote the set of all 𝐼3-rough convergent triple sequences by 𝐼3. 

2. 𝑰𝟑-rough convergence 

 

Theorem 3.1 If a rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3-rough convergent to some limit, then it must be unique. 
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Theorem 3.2 Let 𝑥 = (𝑥𝑚𝑛𝑘) and 𝑦 = (𝑦𝑚𝑛𝑘) be two rough triple sequences; then 

(i) If 𝑥 = (𝑥𝑚𝑛𝑘) is rough convergent to 0̅, then 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3-rough convergent to 0̅. 

(ii) If 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3-rough convergent to 0̅ and 𝑐 ∈ ℝ, then (𝑐𝑥𝑚𝑛𝑘) is 𝐼3-rough convergent 𝑐0̅. 

(iii) If 𝑥 = (𝑥𝑚𝑛𝑘) and 𝑦 = (𝑦𝑚𝑛𝑘) are 𝐼3-rough convergent to 0̅ then (𝑥𝑚𝑛𝑘 + 𝑦𝑚𝑛𝑘) is 𝐼3-rough convergent to 0̅. 

 

Theorem 3.3 Let 𝑥 = (𝑥𝑚𝑛𝑘) and 𝑦 = (𝑦𝑚𝑛𝑘) be two rough triple sequences, then 

(i) 𝑥𝑚𝑛𝑘 ≤ 𝑦𝑚𝑛𝑘 for every (𝑚, 𝑛, 𝑘) ∈ 𝐾 ⊂ ℕ3 with 𝐾 ∈ 𝐼3. 

(ii) 𝐼3 − lim𝑥𝑚𝑛𝑘 = 0̅1 and 𝐼3 − lim𝑦𝑚𝑛𝑘 = 0̅2. 

Then 0̅1 ≤ 0̅2. 

 

Theorem 3.4 Let 𝑥 = (𝑥𝑚𝑛𝑘) , 𝑦 = (𝑦𝑚𝑛𝑘)  and 𝑧 = (𝑧𝑚𝑛𝑘)  be three rough triple sequences such that 𝑥𝑚𝑛𝑘 ≤

𝑦𝑚𝑛𝑘 ≤ 𝑧𝑚𝑛𝑘, for every (𝑚, 𝑛, 𝑘) ∈ 𝐾 with 𝐾 ∈ 𝐼3. 

(ii) 𝐼3 − lim𝑥𝑚𝑛𝑘 = 𝐼3 − lim𝑦𝑚𝑛𝑘 = 𝐼3 − lim𝑧𝑚𝑛𝑘 = 0̅, then 𝐼3 − lim𝑦𝑚𝑛𝑘 = 0̅. 

 

Theorem 3.5 Let 𝛽 be non-negative real number and 𝐼3 ⊂ 𝑃(ℕ3) be an admissible ideal in ℕ3. Then the set 𝐼3 ∩ 𝛬3 

is closed subspace of the metric linear space 𝛬3. 

 

Proof. Let 𝑥(𝑟𝑠𝑡) = (𝑥𝑚𝑛𝑘
(𝑟𝑠𝑡)

) ∈ 𝐼3 ∩ Λ3, and 𝑥(𝑟𝑠𝑡) → 𝑥 ∈ Λ3. Since 𝑥(𝑟𝑠𝑡) ∈ 𝐼3 ∩ Λ3, therefore there exist (𝑦𝑟𝑠𝑡) such 

that 

 𝐼3 − lim
𝑚,𝑛,𝑘

𝑥𝑚𝑛𝑘
(𝑟𝑠𝑡)

= 𝑦𝑟𝑠𝑡 , 𝑟, 𝑠, 𝑡 = 1,2,3, … (3.1) 

Furthermore, 𝑥(𝑟𝑠𝑡) → 𝑥, implies that there exists a positive integer 𝑀 such that for every   𝑢 ≥ 𝑟 ≥ 𝑀, 𝑣 ≥ 𝑏 ≥

𝑀, 𝑤 ≥ 𝑡 ≥ 𝑀 

 𝑥(𝑢𝑣𝑤) − 𝑥(𝑟𝑠𝑡) <
𝛽+𝜀

3
. (3.2) 

Also, there exist subsets 𝐾𝑢𝑣𝑤 , 𝐾𝑟𝑠𝑡 ⊂ ℕ3 such that 𝐾𝑢𝑣𝑤 , 𝐾𝑟𝑠𝑡 ∈ 𝐼3 such that 

 lim
(𝑚,𝑛,𝑘)∈𝐾𝑢𝑣𝑤

𝑥𝑚𝑛𝑘
(𝑢𝑣𝑤)

= 𝑦𝑢𝑣𝑤 , (3.3) 

 lim
(𝑚,𝑛,𝑘)∈𝐾𝑟𝑠𝑡

𝑥𝑚𝑛𝑘
(𝑟𝑠𝑡)

= 𝑦𝑟𝑠𝑡 . (3.4) 

Now, the set 𝐾𝑢𝑣𝑤 ∩ 𝐾𝑟𝑠𝑡 is non-empty in 𝐼3. Choose (𝑥𝑖𝑗𝑙) ∈ 𝐾𝑢𝑣𝑤 ∩ 𝐾𝑟𝑠𝑡 , then we have from (3.3) and (3.4) 

 𝑥𝑖𝑗𝑙
(𝑢𝑣𝑤)

− 𝑦𝑢𝑣𝑤  <
𝛽+𝜀

3
and𝑥𝑖𝑗𝑙

(𝑟𝑠𝑡)
− 𝑦𝑟𝑠𝑡  <

𝛽+𝜀

3
 (3.5) 

Hence, for every 𝑢 ≥ 𝑟 ≥ 𝑀, 𝑣 ≥ 𝑏 ≥ 𝑀, 𝑤 ≥ 𝑡 ≥ 𝑀, we have from (3.2) to (3.4) 

 𝑦𝑢𝑣𝑤 − 𝑦𝑟𝑠𝑡  ≤ yuvw − xijl
(uvw)

 + 𝑥𝑖𝑗𝑙
(𝑢𝑣𝑤)

− 𝑥𝑖𝑗𝑙
(𝑟𝑠𝑡)

 + 𝑥𝑖𝑗𝑙
(𝑟𝑠𝑡)

− 𝑦𝑢𝑣𝑤  <
𝛽+𝜀

3
+

𝛽+𝜀

3
+

𝛽+𝜀

3
= 𝛽 + 𝜀. (3.6) 

This shows that (𝑦𝑟𝑠𝑡) is a rough Cauchy sequence and hence rough convergent. Let, 

 lim
𝑟,𝑠,𝑡→∞

𝑦𝑟𝑠𝑡 = 𝑦. (3.7) 

Next we prove that 𝑥 is 𝐼3-rough convergent 𝑦. Since 𝑥(𝑟𝑠𝑡) → 𝑥, by the triple analytic sequence of Λ3 , it is also 

coordinatewise convergent. Therefore for each 𝜀 > 0 ∃ a positive integer 𝜂1(𝛽 + 𝜀) such that 

 𝑥𝑚𝑛𝑘
(𝑟𝑠𝑡)

− 𝑥𝑚𝑛𝑘  <
𝛽+𝜀

3
; 𝑚, 𝑛, 𝑘 ≥ 𝜂1(𝛽 + 𝜀). (3.8) 

Also from (3.7) we have for every 𝜀 > 0 there exists 𝜂2(𝛽 + 𝜀) such that 

 𝑦𝑚𝑛𝑘 − 𝑦 <
𝛽+𝜀

3
; 𝑚, 𝑛, 𝑘 ≥ 𝜂2(𝛽 + 𝜀). (3.9) 

Let 𝜂3(𝛽 + 𝜀) = max{𝜂1(𝜀), 𝜂2(𝜀)} and choose (𝑟0𝑠0𝑡0) > 𝜂3(𝜀). Then for any (𝑚, 𝑛, 𝑘) ∈ ℕ3. 

 𝑥𝑚𝑛𝑘 − 𝑦 ≤ 𝑥𝑚𝑛𝑘
(𝑟0𝑠0𝑡0)

− 𝑥𝑚𝑛𝑘  + 𝑥𝑚𝑛𝑘
(𝑟0𝑠0𝑡0)

− 𝑦𝑟0𝑠0𝑡0
 + 𝑦𝑟0𝑠0𝑡0

− 𝑦 

 <
𝛽+𝜀

3
+ 𝑥𝑚𝑛𝑘

(𝑟0𝑠0𝑡0)
− 𝑦𝑟0𝑠0𝑡0

 +
𝛽+𝜀

3
 (3.10) 
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by using (3.8) and (3.9). 

Let 

 𝐴𝑟0𝑠0𝑡0
(

𝛽+𝜀

3
) = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘

(𝑟0𝑠0𝑡0)
− 𝑦𝑟0𝑠0𝑡0

 ≥
𝛽+𝜀

3
} (3.11) 

 

 𝐴(𝛽 + 𝜀) = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 𝑦 ≥ 𝛽 + 𝜀} (3.12) 

 

 𝐴𝑟0𝑠0𝑡0
𝑐 (

𝛽+𝜀

3
) = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘

(𝑟0𝑠0𝑡0)
− 𝑦𝑟0𝑠0𝑡0

 <
𝛽+𝜀

3
} (3.13) 

 

 𝐴𝑐(𝛽 + 𝜀) = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 𝑦 < 𝛽 + 𝜀}. (3.14) 

Hence any (𝑚, 𝑛, 𝑘) ∈ 𝐴𝑟0𝑠0𝑡0
𝑐 (

𝛽+𝜀

3
) , we have 𝑥𝑚𝑛𝑘 − 𝑦 < 𝛽 + 𝜀  and therefore 𝐴𝑟0𝑠0𝑡0

𝑐 (
𝛽+𝜀

3
) ⊂ 𝐴𝑐(𝛽 + 𝜀) . This 

implies that 𝐴(𝛽 + 𝜀) ⊂ 𝐴𝑟0𝑠0𝑡0
(

𝛽+𝜀

3
). Since 𝐴𝑟0𝑠0𝑡0

(
𝛽+𝜀

3
) ∈ 𝐼3, we have 𝐴(𝛽 + 𝜀) ∈ 𝐼3. Hence triple sequence of 𝑥 

is 𝐼3-rough convergent to triple sequence of 𝑦 and 𝑥 ∈ 𝐼3. This shows that 𝐼3 ∩ Λ3 is closed linear subspace of Λ3. 

 

4  𝑰𝟑-triple sequence of rough convergence 

 

Definition 4.1 A rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is statistically convergent to 0 if and only if there exists a subset 

𝐾 = {𝑚1𝑛1𝑘1 < 𝑚2𝑛2𝑘2 < ⋯ < 𝑚𝑖𝑛𝑗𝑘𝑙 < ⋯ } ⊂ ℕ with 𝛿(𝐾) = 1 such that 𝑙𝑖𝑚𝑚,𝑛,𝑘→∞𝑥𝑚𝑛𝑘 = 0. 

 

Definition 4.2 A rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3
∗-convergent to 0, if and only if, there exists a subset 𝐾 =

{(𝑚𝑖𝑛𝑗𝑘𝑙)} ⊂ ℕ3, 𝑚, 𝑛, 𝑘 = 1,2,3, … such that 𝐾 ∈ 𝐼3 and 𝑙𝑖𝑚𝑖,𝑗,𝑙→∞𝑥𝑚𝑖𝑛𝑗𝑘ℓ
= 0. 

 

Theorem 4.3 Let 𝐼3  be an admimissible ideal, 𝛽  be a non-negative real number and (𝑥𝑚𝑛𝑘)  be a rough triple 

sequence, 𝐼3
∗ − 𝑙𝑖𝑚𝑥𝑚𝑛𝑘 = then 𝐼3 − 𝑙𝑖𝑚𝑥𝑚𝑛𝑘 = 0. 

 

Proof. Let 𝑥 = (𝑥𝑚𝑛𝑘) be a rough triple sequence such that 𝐾 = {(𝑚𝑖𝑛𝑗𝑘𝑙)} ⊂ ℕ3 such that 𝐾 ∈ 𝐼3 (i.e ℕ3 − 𝐾 =

𝐻 ∈ 𝐼3) and 𝑥𝑚𝑖𝑛𝑗𝑘𝑙
− 0 → 0 as 𝑖, 𝑗, ℓ → ∞. Then for 𝜀 > 0 there exists a positive integer 𝑖1𝑗1ℓ1 such that 𝑥𝑚𝑖𝑛𝑗𝑘𝑙

−

0 < 𝛽 + 𝜀 for all 𝑖 > 𝑖1, 𝑗 > 𝑗1, 𝑘 > 𝑘1. Since the set 

 𝐴(𝛽 + 𝜀) = {(𝑚𝑖𝑛𝑗𝑘𝑙) ∈ 𝐾: 𝑥𝑚𝑖𝑛𝑗𝑘𝑙
− 0 ≥ 𝛽 + 𝜀} ⊂ 𝐴 ∪ 𝐻, (4.1) 

where 𝐴 = {𝑚1𝑛1𝑘1 < 𝑚2𝑛2𝑘2 < ⋯ < 𝑚𝑖1
𝑛𝑗1

𝑘𝑙1
} and 𝐼3 is admissible, we have 𝐴 ∪ 𝐻 ∈ 𝐼3 . Hence, we conclude 

that 𝐼3 − lim𝑥𝑚𝑛𝑘 = 0. 

 

5.  𝑰𝟑-Cauchy and 𝑰𝟑
∗ -Cauchy rough triple sequence spaces 

 

Definition 5.1 A rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be 𝐼3-Cauchy if for each 𝜀 > 0 there exists integers 𝑅 =

𝑅(𝛽 + 𝜀), 𝑆 = 𝑆(𝛽 + 𝜀) and 𝑇 = 𝑇(𝛽 + 𝜀) such that 𝑚, 𝑝 ≥ 𝑅, 𝑛, 𝑞 ≥ 𝑆 and 𝑘, 𝑟 ≥ 𝑇, 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 𝑥𝑝𝑞𝑟  ≥ 𝛽 + 𝜀} ∈ 𝐼3. (5.1) 

 

Definition 5.2  A rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is said to be 𝐼3
∗-Cauchy if there exists a subset 𝐾 = {(𝑚𝑖𝑛𝑗𝑘𝑙)} ⊂

ℕ3, 𝑖, 𝑗, ℓ = 1,2,3, …, 𝐾 ∈ 𝐼3 and the rough triple subsequence (𝑥𝑚𝑖𝑛𝑗𝑘ℓ
) is an ordinary Cauchy sequence. 
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Theorem 5.3 Let 𝐼3 be an admissible ideal. If a rough triple sequence (𝑥𝑚𝑛𝑘) is 𝐼3
∗-Cauchy then it is 𝐼3-Cauchy. 

 

Theorem 5.4 A rough triple sequence 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3-convergent to 0̅, if and only if 𝐼3-Cauchy. 

 

Proof. Let 𝑥 = (𝑥𝑚𝑛𝑘) be 𝐼3-convergent to for each 𝜀 ≥ 0 we have 

 𝐴 = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 0̅ ≥
𝛽+𝜀

2
} ∈ 𝐼3 (5.2) 

 𝐴𝑐 = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 0̅ ≤
𝛽+𝜀

2
} ∈ 𝐼3 (5.3) 

is non empty. We can choose (𝑝, 𝑞, 𝑟) ∈ 𝐴 such that 𝑥𝑝𝑞𝑟 − 0̅ < 𝛽 + 𝜀, we denote 

 𝐵 = {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 𝑥𝑝𝑞𝑟  ≥
𝛽+𝜀

2
} ∈ 𝐼3. (5.4) 

To Prove that 𝐵 ⊂ 𝐴. Let (𝑎, 𝑏, 𝑐) ∈ 𝐵, then we have 

 (𝛽 + 𝜀) < 𝑥𝑎𝑏𝑐 − 𝑥𝑝𝑞𝑟  ≤ 𝑥𝑎𝑏𝑐 − 0̅ + 𝑥𝑝𝑞𝑟 − 0̅ ≤ 𝑥𝑎𝑏𝑐 − 0̅ +
𝛽+𝜀

2
 

 ⇒
𝛽+𝜀

2
< 𝑥𝑎𝑏𝑐 − 0 and (𝑎, 𝑏, 𝑐) ∈ 𝐴. 

 ⇒ 𝐵 ⊂ 𝐴, 𝐴 ∈ 𝐼3, therefore 𝐵 ∈ 𝐼3. 

Conversely: Suppose that 𝑥 = (𝑥𝑚𝑛𝑘) is a 𝐼3-Cauchy. To prove that (𝑥𝑚𝑛𝑘) is 𝐼3-convergent. Let (𝛽 + 𝜀𝑝𝑞𝑟: 𝑝, 𝑞, 𝑟 =

1,2,3, … , ) be strictly decreasing sequence of numbers converges to zero. Since 𝑥 = (𝑥𝑚𝑛𝑘) is 𝐼3-Cauchy, there exist 

positive integers of three strictly increasing sequences (𝑅𝑝𝑞𝑟), (𝑆𝑝𝑞𝑟) and (𝑇𝑝𝑞𝑟) such that 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟
 ≥

𝛽+𝜀𝑝𝑞𝑟

2
} ∈ 𝐼3. (5.5) 

Clearly, 𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟 ∈ ℕ3 such that 

 𝑥𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟
− 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟

 ≤ 𝛽 + 𝜀𝑝𝑞𝑟 . (5.6) 

It follows that 

𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟
− 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟

 ≤ 𝑥𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟
− 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟

 + 𝑥𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟
− 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟

 

                              ≤ (𝛽 + 𝜀𝑝𝑞𝑟) + (𝛽 + 𝜀𝑝𝑞𝑟) → 0 as 𝑝, 𝑞, 𝑟 → ∞. 

Thus {𝑥𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟
: 𝑝, 𝑞, 𝑟 = 1,2,3, … }  is Cauchy sequence and satisfies the Cauchy convergence criterion. Let 

𝑥𝑚𝑝𝑞𝑟𝑛𝑝𝑞𝑟𝑘𝑝𝑞𝑟
→ 0. Since (𝜀𝑝𝑞𝑟: 𝑝, 𝑞, 𝑟 = 1,2,3, … , ) → 0, given 𝜀 > 0, there exists 𝑝0𝑞0𝑟0 ∈ ℕ such that 

 𝛽 + 𝜀𝑝0𝑞0𝑟0
<

𝛽+𝜀

2
 and 𝑥𝑅𝑝𝑞𝑟𝑆𝑝𝑞𝑟𝑇𝑝𝑞𝑟

− 0̅ <
𝛽+𝜀

2
, 𝑝𝑝0 , 𝑞𝑞0, 𝑟 ≥ 𝑟0. (5.7) 

Now, we prove that the set 

 {(𝑚, 𝑛, 𝑘) ∈ ℕ3: 𝑥𝑚𝑛𝑘 − 0 ≥ 𝛽 + 𝜀} ⊂ 𝐴𝑝0𝑞0𝑟0
. (5.8) 

Consider arbitrary (𝑚, 𝑛, 𝑘) ∈ ℕ3. By equation (5.7) 

𝑥𝑚𝑛𝑘 − 0 ≤ 𝑥𝑚𝑛𝑘 − 𝑥𝑅𝑝𝑞𝑆𝑝𝑞𝑇𝑝𝑞
 + 𝑥𝑅𝑝𝑞𝑆𝑝𝑞

− 0 ≤ 𝑥𝑚𝑛𝑘 − 𝑥𝑅𝑝𝑞𝑆𝑝𝑞
 + (

𝛽 + 𝜀

2
) 

and 

𝛽 + 𝜀𝑝0𝑞0𝑟0
< 𝑥𝑚𝑛𝑘 − 0 

⇒ (𝑚, 𝑛, 𝑘) ∈ 𝐴𝑝0𝑞0𝑟0
 and 𝐴 ⊂ 𝐴𝑝0𝑞0𝑟0

, since 𝐴𝑝0𝑞0𝑟0
∈ 𝐼3. Hence rough triple sequence of (𝑥𝑚𝑛𝑘) is 𝐼3-convergent.  
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