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Abstract: We aim in this work at establishing interesting operational connections between new quadruple hypergeo-
metric series X (i=1,...,30) defined in [9] and certain class of triple series involving of Exton’s functions X, t0

X,, » Srivastava's functions H, H,, H., Lauricella's functions F® F®, F., F., F, and the general triple

C 1
hypergeometric series F® [x, 2 z]. Some particular cases and consequences of our main results are also considered.
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1.INTRODUCTION

In 1982 Exton [8] published a very interesting and useful research paper in which he encountered a number of triple
hypergeometric functions of second order whose series representations involve such products as @) 20 and

@) minep and introduced a set of 20 distinct triple hypergeometric functions X, t0 X, and also gave their integral
representations of Laplacian type which include the confluent hypergeometric functions ,F, , jF, a Humbert
function @, and a Humbert function P, in their kernels. It is not out of place to mention here that Exton’s
functions X, to x,, have been studied a lot until today; see, for example, the works [10, 3-6, 11-13]. Moreover,

Exton [8] presented a large number of very interesting transformation formulas and reducible cases with the help of
two known results which are called in the literature Kummer’s first and second transformations or theorems.

Motivated essentially by the works by Exton ([7, Chapter 3], [8]) and Sharma and Parihar [15], we introduced in [9]
thirty new and interesting quadruple hypergeometric series X (i =1,...,30) as follows:
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Here, in this paper, we aim at establishing interesting operational connections between quadruple hypergeometric
series X (i=1,...,30) and the triple series of Exton’s functions X, t0 X, , Srivastava's functions H,, H,, H.

(see, for details [16] and [17]), Lauricella's functions F®, F®, F_, F., F, (cf. [16, Sections 1.4 and 1.5] and [17,
Chapter 1]) and the general triple hypergeometric series F® [x, y,z] (see e.g. [16, p. 44, (14) and (15)]. Our results
presented here are derived with the help of two formulas:

r(2+1) o
r(A-m+1)"
DMyt — F(ﬂ +1) XA (1.32)
" r(A+m+1)
m eN u{0}, 1 eC —{-1 -2, ...}, where the operators D_and p_* denote the derivative operator and the inverse
of the derivative, respectively (see, for example, [14],[1] and [2]).

D"x” = (1.31)

2. Main formulae

For convenience and simplicity, let 4= (1—u [Dg ﬂ-lD;a] ) then the results to be established here are as follows :
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(1—u [Dj 7D, 7‘1D;1a2] )73 Fe(a,,a,8,,8,,8,,8,;C,,C,,Cp & X, Y, @ z){ozarl i ya‘l}
=a® " g 2t X9 (a,,a,,8,,8,,8,,8,,85,8,;C4,C,, C,, G5 U, Z, Y, X);

oo, 5707 a])* %, mciatn 0 (o)

=qgatpet Xg‘)(al,al,az,al,al,az,a3,a2;cl,cl,cl,c2; a’x,a y,z,u);

(1-u[D? 5D, 1D, a?] )" Fel(aa,8,8,80,2,,,C,, G5 @ X, By, af 2) {a™ ™ ot 2

-1 -1 _a-1 vy (4 . . .
=a% " gyt X§3)(a2,a2,ai,az,az,al,as,ai,cz,cz,cz,cl,u,aﬁz,ﬁy,ax),

(1—u[Da ﬁle; a])fal xl{al,az,a3;c1,cz;xz,o)_/,a zj{aauﬂc“}

O

=a®'p=" X (a,,a,,8,,a,,8,,8,,85,85;C,,C,),C;,Cq X, Y, @ Z,U);

(t-u[D? p7D; D 2] )" Hylayay,855¢,,¢, Ca %, B y,a 2) {a®t gty
=a®! ﬂcrl 7a_1 Xgll)(allallazlal'alla21a3'a3;CZ’C1'CZ'CB; uaxpya Z);

(1—U [Da ﬁ—lD;- a])’al Xzo(al,az,a3,a4;cl,cz;XZ,O;_y,Z){aazlﬁwl}

o

:aarlﬂcrl Xég)(al’al'aS’al'al’a21a4’a2;C1’C2’C1'C3;Xla y,z,u);

2 pln-1l . -1ny-1_2|Y2 =@ TS m T A a-1 pc-1 , a-1
(-u[D? gD, D 'e?] )" F axay pz|{a®t potyet)
—1 —==1C;Cy  Cy

=a® !t gty X P (ay,8,,85,8,,8,,8,,8,,8,;C4,C,, Cyy Gy U@ X, f 2, Y);
NP I X e
(1—u[Da BD; a]) o Xm(al,az,a3,a4;cl;2,y,a Zj{aa‘ ik 1}
(o2 (e
=o' %" X (a,,a,,a,,8,,8,,8,,8,,8,,C,,C,,C,,Cp X, Y, @ Z,U);
2 g1l . Al-1.2] )2 . . -1 -1 -1
(1_U[Daﬁ D, 7D, ]) FP(a'L’aZIaivaslaslauCl'szCz'aX’ﬂylaﬂz){aal Byt }
-1 1 _a-1 vy (4 . . .
=o' gt it XW(ay,a,,8,,a,8,,8,,85,84C,,C,,Cy, G U, 2, B Y, X);
_ z e
(1—u[Da ﬂ—lD; a])eu xlg(al,az,as,aA;cz,cl;O[Zx,a y,G]{aall & 1}
A Xg;‘)(aﬂ,al,ag,ai,al,az,a4,a4;cz,cl,cl,cs;a2x,a y,z,u);

(l—u [Dj p7D; 7’1D;1a2] )7a F.(a,,a,,8,85,8,,8,;C,,C,,Cp; @ X, Y, z){ocal‘l Y y“}
=a*! ﬂCfl 7a_1 Xz(;l)(al’allazlal’allatllasla3;c3’c2’C2’Cl; uaiyo X);

—a,

(-ulD, p7D;} a] )™ X,(a,,.a5:c,,,, 00028 x,a v, @ 2){ a5
=a™ et Xég”(al,al,al,al,al,a4,a3,a2;cl,cl,cs,c2;a2ﬁ Xu,az,a Y)Q

(1—u [Dj B'D; y‘lD;laz] )_a F(a,,a,,8,,8,;C,C,,Cq; aff X, ¥, z){ozal’1 Lt 7“}

1 ol a-l vy (4 . . .
=a™ gyt Xés)(alla'l'al’a’l'al’aZ’a3'a4’cl'C1’CZYC31ulaﬂXla y,az),

(i-u[p, A'D, a] )* X (a1,3,.85,8,:,,C A X, Y, B 2) { @ B )
:aasilﬂ%il ng)(al’al’a3’a5‘a1’a2’a4‘a6;cl'02’Cl’cl;ﬁX’y'ﬂZ’u);

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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————:1a,,a,,8,,d,;85,8,;
(-u[D? gD} y D ?] ) FO axfy.Bz|{a*" gty (2.49)
Y S S

_ a-1 -1, a-1 (4) . . .
=a™" gy X9 (al’al’aS’aS'al'aZ’a4'a6’cl'02’cl’cl1ulaXI/By!/BZ)’

(1_u [Da ﬂilD; a] )7a5 XlB(allaZ’aS'aA;C;ﬂ X,ﬂ Y, IB Z){aaeilﬂ&l} (2.50)

=a* " X (a,,a,,8,,85,8,,8,,8,,8,:C.C,C,C; X, B Y, B7,U);

(t-u[D? gD}t D] )" F(ay 8, 808, 80 80 aff X, B Y, B 2){ @t ot 2 (2.51)
- ﬂc_l J/a_l Xa‘g"(al,al,az,a3,a1,a4,a5,a6;c,c,c,c; u,af x, By, B Z);

where X, X,, ..., X,, are the Exton functions of three variables (see [8]), H,, H,, H_ are Srivastava's functions
(see, for details [16] and [17]), F®, F®, F¢, Fr, F, are three variables Lauricella functions (cf. [16,Sections 1.4

and 1.5] and [17, Chapter 1]) and F©[x,y,z]is the general triple hypergeometric series (see e.g. [16, p. 44, (14)
and (15)].

Proof. For convenience and simplicity, by denoting the left-hand side of (2.1) by | and using the definition of
Exton's triple series X, and the formulas (1.31) and (1.32), we get

_ _ —& X z o
| :(]_—U [Da ﬁ 1D/;1a] ) X1[a11a2;02,cl;?,§,a7j{ a® 1ﬂ 3 1}
— i (a1)2m+2n+p (aZ)p
nipeo (¢1),,, (C2), min!

— gt i (31)2m+2n +p+q (aZ)FHq ﬂ y" (0( Z )p ﬂ
a0 (C1),, (C2), (G5), mint p! q v

x"y"z? (1—u [Da ﬂ’lD;aJ )ﬂfzm o { aaz*"'lﬁcﬁ’l}

therefore

| =g ips? X1(4) (al,al,ailal,al,al,az,az;cz,cl,cl,cs;X,y,a zZ,u ),
which complete the proof of (2.1). Similarly, by applying the same techniques and making use of Exton’s functions
X, to X,, Srivastava's functions H,, H,, H., Lauricella's functions F® F® 6 F., F., F, and F®[x,y,z] the

general triple hypergeometric series , we can prove the assertions (2.2) to (2.51).
3. Special Cases

Some operational connections can be established in this section as the special cases of the results were obtained in
previous section. First, substituting x =0 in (2.1), (2.2), (2.5), (2.8), (2.9), (2.11), (2.21), (2.31) and (2.43), after a
little simplification, we obtain a number of operational relations among hypergeometric functions of two and three
variables

(-u[p, "D} a] )™ H (ai 8,10, azj{a“ﬂ% H=a B X (2,810,651 Y, Z,U); (3.1)
O O

ay

(t-u D, ﬂ’lD;a "H,| a,,a,¢,,c,;a’z, j{a“” °4’1}=aaf1 “ X, (2,,8,65,C,.C,50° 2, Y,U); (3.2)
O

(1 U[D ﬂ71D71 0,’] " H4 al aZ’CZ’C3’ );’O-j{aaa_lﬁCI1}:aa3_lﬂCll XS(al’aZ’aG;CZ’CS'Cl;y’zlu); (34)

al

(1 u [D ,3le71 (Z] -2 H{a a Cl,a 2, yj{aaz—l cz—l}:aaz—l -1 X3(a2,a1;cl,cz;azz,a y,U); (3.3)
(-u[p, gD} o] (

H. & ?y izj{a% LBt =™ B X (8,8,,841C,, 603 Y B 2,U). (35)
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(-u[D? D} D a? )" F,(ay,8,.a,5,, 00 v, 2) { @ gty (3.6)
=a® " By Xy, (ay,84,8,3C,,C4,Cs U@ 2,Y);

b-u[p? 570 17D %] )" Fiag.ag e B y.ap 2) (e gt (3.7)
=a® ! Bt 2t Xyu(ay,a,,8,iC 0,08 2,8 Y);

(1—u [Dj pD;} 7’1D;1a2] )7a F,(a,,a,:c,,¢5;a v, z){oc""S’1 Bt ya’l} (3.8)
=a®" ﬂcrl 7a_1 XA(a3'a1;c4'C2'C3; uaya Z);

(-u[D? p7D, y7'D; 1a2]) F.(a,.a,,8,,8,,C,; B y,aB ) {a® gy} (3.9)
=a® ' gy X (a8, 8,,8,,855C,U,08 2, B Y).
Now, setting z=0 in (3.2) and (3.5), we get relationships between Gaussian hypergeometric series , F, (cf. [16,

p.13(1) and 18(17)]) and Appell's series F, (see [16, p. 23(5)]), Horn's series H, (see [16, p. 24(12)]; also [17, p.
57(28)])

(1—u [Da B'D; a] )761 2Fl(al,az;cz;ayj {aaflﬂc“‘l}: a®?* % F,(a,a,;c,,c i y,u) (3.10)
(o2

and

(1—u [Da D, o;])ﬁal ZFl(azl,alerl Cy Gyj{aaﬁ‘lﬂ%‘l}: a® %" H,(a,,a,:C,,C,; y,u), (3.11)

respectively. If in (3.10) and (3.11), we let y =0, we have a known result due to Bin-Saad [1].
On other hand, if we put x=0 in (2.10), (2.14), (2.16) and (2.20), then we obtain connections between Appell's
series F,, F, (see [16, p. 22(2) and 23(3)]) and Srivastava's series H,, H,, H,

(1—U [Da ’b’*lD;l a] )—a2 Fg(‘%razvas;cz’cs;y'a Z\} {aﬁa—l c4—1}:aa3—1 c;-1 HB(%az,ag;Cz,CA,Cs;y,U,a Z); (312)
O
(1—U[Da ﬁilD/’?l a])732 Fl(aj,az,a3;C1;y,a Z){aasl } a C3-1 HA(az,a3,a1;C3,C]_;u,a Z,y)’ (3.13)
O
(-u [, p'D; a )* Fz(allazvas;cllcz;a y,ﬂzj{aazl °2’1} B H,(a,a,,8,C,,C,; a y,U, B 2); (3.14)
O

(-ulp, p'D; e )™ F (a1 aaiciY ap z){ 1ot B H (a,8,,8,1018 ViU, af 7). (3.5)
If in (3.12), we let z=0 and in (3.15), we take z =0, we find that

(-ulp, p'D;t ] ™ zFl[%az:Cziy]{aaa'l = R (a,,8,84i0,,0,; Y,) (3.16)

o
and
(-ulp, p'D}a])™ (al ac; 2y yj{ “Ho o™ B Fy(a,,8,,855C; 8 Y,U), (3.17)

respectively.

Again, if in (2.22), (2.24), (2.26), (2.28), (2.30), (2.32), (2.34) and (2.36), we let x=0, yield the known results given
by Bin-Saad and Maisoon [2].

Secondly, put y =0 in (2.3) and (2.4), we have the elegant formulas

-1 pc3-1 . . 2
=a®B% Xlz(al,az,cl,cz,cg,x,a z,u)

and



Bin-Saad et al. / TAMAP Journal of Mathematics and Statistics Volume 2019

(t-u[p, gD, ] F{

) a1+1 a +1. .4X 2 a,-1 pey-1
2 T g ,Cl,?l“az {a B } (3.19)

=Bt Xn(al,az;cl,c3;x,azz,u),

respectively, where F; is the Appell series (see [16, p. 23(4)]).
Lastly, in (2.12) and (2.32), taking z =0, we obtain the following operational connections:

(-ulo, 5D, a] )™ H{al,az;cl: XOY] {a*p7] (3.20)
a7 g Xm(al,az,a3;cl,c3; x,y,u)

and

(-ulo, p'D; ] )™ H{al,az:cz,cl: xay] {a*p] (3:21)

-1 -1 . .
=a* B X17(a1,a2,a3,cz,cl,c3,x, y,U),
respectively.
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