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Abstract: In this paper, we firstly introduce k — Fibonacci and k — Lucas hybrid numbers and then give some of their
algebraic properties. Additionally, we investigate the Binet formulas, the generating functions, Catalan's, Cassini's
and d'Ocagne's identities on these hybrid numbers.
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1. INTRODUCTION

A new non-commutative number system which is called hybrid numbers has been defined recently by (Ozdemir
2018). One of the important features of this number system is being a generalization of the complex, dual, and
hyperbolic (perplex) number systems. In other words, in special cases, these numbers can be obtained. The set of
hybrid numbers is denoted by K and defined by:

K={z=a+ib+ec+hd:abcdeR, i'=-1e=0h =1Lih=-hizc+i} (1

The Fibonacci sequence is a famous sequence and it has many connections and applications to many branches of
mathematics. The n— th Fibonacci number F is defined by the following recursive relation:

F=F,+F,, n>2,

can be given by {0,1, 12,3,5,.. } .

Moreover, different generalizations of Fibonacci sequence have been exhibited in the literature. For these
generalizations, we refer to (Bolat 2018; Catarino 2014; Catarino et al. 2014; Falcon et al. 2007; Falcon et al. 2007,
Falcon et al. 2007; Godase et al. 2014; Horadam 1961; Larcombe 2013).

where initial conditions are F, = F, =1. Therefore, Fibonacci sequence {F, }neN

Another famous sequence is the Lucas sequence. The n—th Lucas number L is defined by the following

recursive relation

L=L.+L, nz2,

where initial conditions are L, =2, L, =1.The Lucas sequence {Ln}nEN is given by {2,1,3,4,7,...} . For more
information, see (Hoggat 1969; Koshy 2001; Vajda 1989).
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In the literature, there are various studies involving hybrid numbers and sequences with these numbers. For
example, Fibonacci and Lucas hybrid numbers, Pell, Jacobstal, and Horadam hybrid numbers were studied in
(Catarino 2019; Syznal-Liana et al. 2019; Syznal-Liana et al. 2018; Syznal-Liana et al. 2019; Syznal-Liana et al.
2018).

In this study, after introducing the k — Fibonacci and k — Lucas hybrid numbers we will give some important
properties, the generating functions, and Binet formulas for these numbers. Indeed, we obtain some summing relations
between these numbers and some identities such as the Cassini's identity.

2. PRELIMINARIES
Let K denotes the set of hybrid numbers and z =a +bi+ce+dh, z,=a, +b,i+ce+dh be any two

hybrid numbers. The addition and subtraction operations are defined as follows:

z,+z,=(a *a)+(b +b,)i+(c £c,)e+(d =d )h
It is clear that the set of hybrid numbers K is an Abelian group with the addition operation and also it has the property
of associativity. The multiplication of hybrid numbers is defined by the multiplication rules of hybrid units which is

given the following table:

Table 1. Multiplication table of hybrid units

. [ £ h
i -1 | 1-h | e+i
€ 1+h 0 —€
h | —e—i € 1

With the help of Table 1, the multiplication of two hybrid numbers are given as follows:
2z, =(aa,—bb,+dd, +bc, +cb,)+(ab, +ba, +bd, —db,)i

+(ac,+bd, +ca,—cd, +db, —dc,)e+(ad, —bc,+cb, +da,)h
Note that the multiplication of hybrid numbers are not commutative, only associative.

The conjugate of the hybrid number z is indicated by Z and defined by Z = a —bi —cg — dh. Additionally, the norm
of any hybrid number z is defined by as follows:

||z||=\/E=\/a2+(b—c)2+cz+d2.

For further information on algebraic and geometric features of hybrid numbers system, see (Ozdemir 2018).

Let {Fn }neN be a Fibonacci sequence. One of the generalizations of Fibonacci numbers F, is the n—th k —

Fibonacci sequence {Fn}neN , (Falcon et al. 2007; Falcon et al. 2007). This sequence is given by the following

recursive relation:

F n>2k>1 )

The generating function of n—th k — Fibonacci sequence {Fk,n} is given as follows:

neN

f(2)=————. (3)
‘ 1-kz -2
Moreover, we have the following equalities about the k — Fibonacci sequence forN >0 :
2 2 2 a' - p" n
Fk,n + Fk,n+1 = Fk‘2n+l 1 Fk,n = a = aFk,n + Fk‘n—l’ (4)

a-pf ’
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where a and 3 are the roots of the characteristic equation z* —kz —1=0 associated with the recurrence relation (2)

such that

k+vk*+4 k-+k*+4
o= e 5)

Additionally, the equation F,_ = “ ﬁ is known as Binet's formula and the relations between « and £ are given
o—
by
a+p =k, a—ﬂ:\/m, aff =-1. (6)
Let {Ln }HEN be the Lucas sequence. Like Fibonacci numbers, there is a generalization of Lucas numbers L

which is called as n—th k — Lucas sequence {Lk‘n} W This sequence is

ne

L,=kL ,+L,,,n=2,k=>1 ™
Generating function of n—th k — Lucas sequence {Lk,n }HEN is given by (Godase et al 2014)
L (2) 2-kz N
7)=—.
k 1-kz-7°

Furthermore, we have the following equalities:

I‘k,n = I:k,n—l + I:k,n+l’ n= 1’ (9)
Lk,n2 + Lk,n+12 = (k" +4) Fe2na (10)
L,=a"+B", nx0, (Binet’s Formula) (11)

where o and f are the roots of the characteristic equation z° —kz —1 =0 associated with the recurrence relation (7).

For more information about Lucas numbers and their generalizations, see (Godase et al. 2014; Falcon 2011; Stakhov

et al. 2005).

3. k—FIBONACCI and k — LUCAS HYBRID NUMBERS

In this section, we will define k — Fibonacci and k — Lucas hybrid numbers and obtain some main results.

The n—th Kk —Fibonacci hybrid number {FHM} and n—th k — Lucas hybrid number {LHk,n } can be defined by

the definitions of hybrid numbers, k — Fibonacci numbers, and K — Lucas hybrid numbers, as follows:

I:Hk,n = I:k,n + iFk,n+1 +8Fk,n+2 +th,n+3’ (12)
LHk,n = Lk,n + iLk,n-¢-l +8Lk,n+2 +th,n+3’ (13)

where F_and L _ are n—th terms of k — Fibonacci sequence {F

k,n}n(N and k — Lucas sequence {Lk’n}

neN

respectively. They satisfy the undermentioned recursive relation

Fk,n = ka,n—l + I:k,n—z’ I‘k,n = kI‘k,n—l + Lk,n—z’ n=1.
Remark 3.1 The sequence {FH ko }n , satisfies the second order recursive relation

FHk,n = kFHk,n—l + FHk,n—Z (14)
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with the initial conditions FH, , =i+ek+h(k®+1) and FH,, =1+ ik +&(k* +1)+h (K’ +2k).
Similarly, the sequence {LHk,n }neN satisfies the second order recursive relation

LHk,n = kLHk,n—l + I‘Hk,n—2 (15)

with the initial conditions LH,, =2+ik +8(k2 +2)+h(k3 +3k) ond
LH,, =k+i(k +2)+&(k +3k)+h(k' + 4K +2).

Now, let FHi,n and FH f’n be any two n—th Kk — Fibonacci hybrid numbers. The addition and subtraction of
these k — Fibonacci hybrid numbers are defined as follows:

I:k n+2 + th n+3) ( F + le n+1 I:k2n+2 + th2n+3 )

k, n+1

FH, FFH; =(F +iF
Z(Fk F )+I( n+1+Fkn+1)+8( n+2+Fkn+2)+h( n+3+Fkn+3)

Furthermore, the multiplication of k — Fibonacci hybrid numbers is described by

FH. FH? =(F' +iF!  +eF ,+hF )(F +iF} , +&F’ , +hF}

k,n+1 k.n+2 k, n+3)

=R R —F R+ R LR+ R L+ FLLFL)

k,n+1" k,n+1 k,n+3" k,n+3 k,n+1" k,n+2 k,n+2" k,n+1

+i(R R+ LR+ R —FLLFL)

k,n" k,n+1 k,n+1" k,n k,n+1" k,n+3 k,n+3" k,n+1
+e(FL R+ R+ LR —F LR~ FL G+ LGRS
k,n+2 k,n+1" k,n+3 k,n+2 k,n+2" k,n+3 k,n+3" k,n+1 k,n+3" k,n+2

+h( k,n kn+3 Fk1n+len+2+F F +F F )

k,n+2" k,n+1 k,n+3" k,n
Addition, subtraction and multiplication on k — Lucas hybrid numbers can be defined in a similar way.

Definition 3.2 Let FH_ bean n—th k — Fibonacci hybrid number. The scalar and vector parts of this k — Fibonacci

hybrid number are denoted by S, =F  andVy, =iF , +&F , +hF ., respectively. Thus, every n—th
k — Fibonacci hybrid number can be written by
FH, ., = SFHkvn +VFHkvn ' (16)

From the equation (16), the addition and subtraction of any two k — Fibonacci hybrid numbers FH i , and FH f , are
given by

FHL, FHZ, (S, V., )7(S,, V)

FHE, FHE,
=G, F Fsz‘n)+(VFH§Vn Ve )
and the multiplication of these k — Fibonacci hybrid numbers are given by
FH FHk .= (S il +VFH&VH)(SFH§n +VFHk2,n)
=SF1 SFszvn—<VFl Vo, >+S Y +S , V., +V | xV_, .

2 2 1 1
Hk,n Hk‘n FHk,n FHk‘n FHk,n FHk,n FHk‘n FHk‘n FHk,n

Definition 3.3 Let LH,_ bean n—th k — Lucas hybrid number. The scalar and vector parts of this k — Lucas hybrid

number are denoted by SLHk =L,amdV, = iL, ... +tek ., +hL ., respectively. Thus, every n—th k —
Lucas hybrid number LH, = can be written by
LHk,n = SLHKn +VLHkvn' (17)
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From (17), the addition and subtraction of any two n— th k — Lucas hybrid numbers LH i , and Lsz is given by

1 2 _ _ _ _
LHkv” + LHk:” - (SLHﬁvn +VLHﬁvn )+ (SLHEYH +VLHEVH ) - (SLH&’H + SLHfYn )-'-(VLHﬁJ1 _'_Vl_Hlin )

and the multiplication of these k — Lucas hybrid numbers can be defined by

LHinLsznz(S . Vo )(S , +V )
' ' LHi LHi n LHg LHE

=8182—<V1,V2>+81V +S ,V |, +V | xV
L LH o L

2 2 1 1 2 "
Hk‘n Hk.n LHk‘n LHk,n LHk‘n LHk‘n LHk‘n I-Hk.n I-Hk,n

Definition 3.4 The conjugate of n—th k — Fibonacci hybrid number FH, is defined by

FHk,n = Fk,n - iFk,n+1 _aFk,n+2 _th,n+3 (18)
and the conjugate of n—th k — Lucas hybrid number LH «n 1s defined by
LHk,n = Lk, k n+1 £Lk n2 k n+3* (19)
Definition 3.5 The norm of the n - th k — Fibonacci hybrid number FH, is defined by

2 2
HFHk,n ~ Tk -k°F, k n+2 2(k +1) k,n+1 k n+2 (20)

and the norm of an n— th k — Lucas hybrid number LH,  is defined by

HLHk,n _k2L|2<,n+2 _2(k+1)|‘k n+l kn+2 (21)
Definition 3.6 The 2 x 2 matrix representation of the n— th k — Fibonacci hybrid number FH «n 18 defined by
A: |:F + I:k n+2 k n+l + (k 1) k, n+2:| (22)
Hen :
“ (k +1) k,n+2 Fk,n - I:k,n+2

There is a bijective map between the set of hybrid number K and the matrices M, , . The matrix AFHk ; is called
the K — Fibonacci hybrid matrix of the n —th K — Fibonacci hybrid number FH Kt
Definition 3.7 The 2x 2 matrix representation of the n—th k — Lucas hybrid number LH v 18 defined by

A\ _ Lk,n+Lk,n+2 kn+1+(k 1)Lkn+2
o (K + D)L L -L '

k,n Tkon+2

(23)

k,n+2
There is also a bijective map between the set of hybrid numbers K and the matrices M, , This matrix ALHk ) is

called the k —Lucas hybrid matrix of the n— th k — Lucas hybrid number LH ko

Taking into consideration of (20) and (22), we get the following proposition immediately:

Proposition 3.8 If AFHk . is the k — Fibonacei hybrid matrix of the n—th k — Fibonacci hybrid number FH «n> the

following relation satisfies

(A, )

Taking into consideration of (21) and (23), we get the following propositions immediately:

|FH..
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Proposition 3.9 If ALHk ) is the Kk — Lucas hybrid matrix of the n—th k— Lucas hybrid number LHkyn, the

following relation satisfies

ILH, | = det(ALHm )

4. GENERATING FUNCTIONS AND BINET’S FORMULAS FOR Kk — FIBONACCI AND k — LUCAS
HYBRID NUMBERS

In this section, we will give the generating functions and Binet's formulas for the k — Fibonacci hybrid sequence
{ FH, | }HEN and the k — Lucas hybrid sequence { LH, . }HEN . Letus consider the generating function g,  (t) which

is a power series and its coefficients are the terms of the sequence {FH kn }n . such that

Oen,, () =D FH, t" (23)
n=0

Similarly, the generating function 9y, (t) which is a power series and its coefficients are the terms of the sequence

{LHk'n }neN such that

O, () =D LH, " (24)
n=0

Theorem 4.1 The generating function of the k — Fibonacci hybrid sequences {FH ‘n }n . is given by

© FH, , +(-kFH, , + FH, )t
9 =— ' —.
Flen 1-kt—t’

Proof. Using the equation (23) and each terms of the expression1—kt —t*, we obtain following equations:
Oy, () =FH ,+FH t+FH t'++FH t"+-
—ktg,,, (t)=—KkFH, t—KkFH, t"—kFH t'— —kFH, t" ...

~t'g,, () =-FH t'=FH t'=FH t' ——FH, t"" -

By summing up these equations and also with using the recurrence relation (14) of k — Fibonacci hybrid numbers
{FHkn} , we have
: neN

(1-kt—t)g,, ()=FH,,+(-kFH,,+FH, )t
and

© FH, , +(-kFH, , + FH )t
g =— ‘ .
P 1-kt—t°

Theorem 4.2 The generating function of the k - Lucas hybrid sequences {LHk,n }n is given by

eN

" LH,, +(—KLH,, + LH, )t
Jun,, )= 1—kt—t '

Proof. Using the equation (24) and each terms of the expression 1—kt —t°, we get the following equations:
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w, (= LH o+ LH E+ LH G 4o LH, 2 4
—ktg,,, (t)=—KLH, t—KLH, t* —KLH, t’ —---—kLH, t"" -
—t*g,,, () =-LH t*—LH, t'—LH, t° = —LH_ t"" -

By summing up these equations side by side and using the recurrence relation (15) for k — Lucas hybrid numbers, we

have

(1-kt —tz)gLHk‘n (t) = LH, o +(-KLH, , +LH, )t

and
- LH, , +(-kLH, , +LH, )t
g = ' ' —
e 1-kt—t?

m]

Theorem 4.3 (Binet’s Formula) The n— th k — Fibonacci hybrid number FH, | is given by

A EIA (S
FHknz—l(l) 2(2), (25)
, L-r

where f and f, are £ =1+if+e(+kr)+h(k+(k*+D)r) and £ =1+ir, +e@+ke)+h(k+K +Dr,)
respectively.

Proof. Using the equation (12) and the recursive relation (14) for FH we obtain

k,n+3°

+F

k,n+1)

FH,,=F., +iF ., +¢&F

k,n+1 k,n+2

_F ,+(i+h) kn+1+(s+hk) sz

+h(kF

k, n+2

Then, if we use the recursive relation (14) for FH then we get

k,n+2 2

FH,, =F +(i+h)F  +(e+hk)(kF, . +F )
=(1+&+hk)F  +(i+h+(e+hk)k)F ..

k,n+1

Additionally, if we use the Binet's formula for k — Fibonacci numbers, then

I‘.1n _ r_zn . r.1n+1 _ r2n+1
FH, , =(1+&+hk) +(i+h+(e+hk)k)
’ n-n 17 2

By a straightforward computation, we have

e - r’ (1+:—:+hk+irl +ekr, +h(k® +1)rl)—r2n (1+s+hk+ir2 +gkr, + h(k* +1)r2)

k.,n

;" (14 + e+ kr) +h( k+(k2+1)r ) (1+1r +e(l+kn)+h(k+(k*+1)r, ))

Hﬂ

Finally, if we take 1+, +e(1+ ki) + h(k + (k’ +1)r1) = £ and 1+ir, + &L+ k) +h(k + (k* +1)r, ) = £, then we get

ACDADY

r-—r,

FH,, =

k,n
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Theorem 4.4 (Binet’s Formula) The n— th k — Lucas hybrid number LH, is given by
LH,, =£(7) + (1), (26)

and f, are f=1+ir+e(+kn)+h(k+ (K +Dr) and # =1+ir, +e@+k)+h(k+ (K +r,) |

respectively.

where f,

Proof. Using the equation (13) and the recursive relation (15) for LH we have

k,n+3 2

LH, =L +iL . +eL +h(kL +L =L +(i+h)L
k,n k,n k,n+1 k,n+1 k,n

k,n+2

+(e+hk)L

k,n+2 k,n+1 k,n+2"

Then, if we use the recursive relation (15) for LH then we get

k,n+2 2

LH,, =L, +(i+h)L . +@E+hk) (KL, + L, ) =(1+e+hk) L, +(i+h+(E+hk)k)L, ..

k,n+1

Additionally, if we use the Binet's formula (11) for k — Lucas numbers, then we get

2

LH,, =(@+e+hk)(n" =1 )+ (i+h+(e+hk)k) (5" =),
By a straightforward computation, we have
LH,, =1 (1+s+hk +ir +&kr +h(k” +1)r1)+ r, (1+s+hk +ir, + gk, +h(k” +l)r2)
=" (L+in +e@rke) +h(k+ (K +2)5 )+ 17 (Lein +e@+ k) +h(k+ (K7 +Dr ).
Finally, i we take 1+ir, +&(L+kr) +h(k+ (K +Dr ) = ¢ and 1+ir, +e(+kr) +h(k+ (K’ +Dr,) = £, then we
get

LHk,n = Ic1("1n) + IQz(rzn)-

O

Proposition 4.5 (Catalan’s Identity) Let n>r for n,r e N. Then the following identity holds for n—th k —
Fibonacci hybrid number FH,

2r 2r
=S,I, +S,I.
— 22 _(F ZJ, @7)

2 n-r
FHk,n—r FHk,n+r _(FHk,n) = (_1) ( (r —r )2
1 2

N

where f and ¥, are as in Theorem 4.3 and also s = f,f —F, X

Proof. With using the equation (25) in Theorem 4.3 and considering the reality that the multiplication of two k —
Fibonacci hybrid numbers is non-commutative, we obtain

A n-r A n—-r N n+r A n+r N n A n 2
FH, _FH —(FH )2 — rl(rl ) - 2(r2 ) r1(r1 )— z(rz ) _ rl(rl )_rz(rz )
k,n—r k,n+r k,n rl_rz rl -r

Since Ir, = -1 for n—th k — Fibonacci hybrid number we get
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o L2r oon L2 o r A r
2 - (_rerrZ —hLhL z(rlrz) + 2r1(r1r2) )
I:Hk,n—rFHk,m—r _(FHk,n) = (_1)” r 2
(rl _rz)
Finally, using the equation (25), s, =f,f — " a =—ff, +F, we obtain
A n2 A A 02 2r
[l § r "+ (=FF +F)r
FHk'nirFHk’n” ( _( 1)n r ( 2" 1 r r()21 2 2 ) 2 _(FHk’r)Zj
—

=(—1)”’( Slr; *S —(FHk,r)zj.

O

Proposition 4.6 (Catalan’s Identity) Let n>r for n,r e N. The following relation holds for n— th k — Lucas
hybrid number LH, -

LH,, LH, o —(LH, ) = ()" (557 +5,07 = (LH, ,)°). (28)

n2

where f, and f, are described as in Theorem 4.4 and S, = f,f, +f” and S, =ff, +

ﬂ)
NS

Proof. With using the equation (26) in Theorem 4.4 and considering the multiplication of two k — Lucas hybrid
numbers is non-commutative, we obtain

LH, . LH, = (LH, )Y = (R0 + 5,00 )) (R + 6,00~ (R +£,()))

Since Ir, =—1 for n—th k — Lucas hybrid numbers, we get
LHk,n—rLHk,m-r _(LHk, ) = ( 1)n ' (|¢1I¢ fzﬁrlzr - rA-lrez (rlrz) __fzfl (rlrz) )

Finally, using the equation (26), S, =Ff,f, =, =—£Ff, +F, we obtain

LH,, LH, . —(LH, ) = D" ((BE + R +(BE + )5 —(LH, ,)?)

=(-)"" (slr1 Ts,r —(LHkyr)z).
O
In the following, we give the other identity that is called Cassini’s identity which is a special condition of Catalan's

identity by taking r =1.

Proposition 4.7 (Cassini’s Identity) For n € N and k € Z", there is the following identity for n— th k — Fibonacci
hybrid number FH,

2 2

=S +S.r

FH, FH, . —(FH_) = (—1)“(—11 22 —(FHM)EJ, (29)
(r-r)

where fl and fz are described as in Theorem 4.3, S, and S, are described as in Proposition 4.5.

Proposition 4.8 (Cassini’s Identity) For ne N and k € Z", there is the following identity for n— th k — Lucas
hybrid number LH, |
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LH

k,n-r

2 -1 2 2 2
LHk,n+r _(LHk,n) = (_1)” (Slr;L +Szrz _(LHk,l) )l (30)
where f, and f, are described as in Theorem 4.4, S, and S, are described as in Proposition 4.6.

Finally, we give the d'Ocagne's identity for the k — Fibonacci and k — Lucas hybrid numbers.

Proposition 4.9 (d'Ocagne's Identity) Let m € N and n e Z" . Then the following identity for n—th k — Fibonacci
hybrid number FH, holds for m>n:

1
FH, ,FH, o~ FH, L FH, = (D" FH, |+ ———(d,™" —d,r,"") |, (31)

k,n+1 - k,m+1 k,m-n
where f, and f, are described as in Theorem 4.3 and d, = ff, —f, d, =ff —

2 2

Proof. With using the equation (25) in Theorem 4.3 and considering the non-commutativity of multiplication of two
k — Fibonacci hybrid numbers, we obtain

I:Hk,mFHk,n+1 - I:Hk,m+1FHk,n = * -
L-r L= L= L-n
o m_n+l m+l..n o m_n+l m+1l..n
_ '12(_'1 I n rz)_rzrl(rz n b n )
2
(rl - rz)
Finally, using the equation (25) for FH, . we obtain

1 fa anemn gaa sl
FHk,mFHk,n+1 - FHk,m+lFHk,n = (_1)n |:FHk,mn + 2 ((rl 2~ rl)rlm ' —( oh— z)rzm n) )
k®+4
If we take d, = £f, —f and d, = —fF, + I°22, then we can easily obtain desired result which is given in the equation
G1).

O

Proposition 4.10 (d'Ocagne's Identity) Let me N and n e Z" . Then the following identity for n—th k — Lucas
hybrid number LH, | holds for m>n:

LH, ,LH

kol

LHk,m+lLHk,n = (_1)ﬂ LHk,m—n +(—_

vk’ +4

-
o~
i
N—

_ £ . _
I,1m n +(ﬁ_r2Jr2m n ’ (32)
+

where . and T, are described as in Theorem 4.4.

Proof. With using the equation (26) in Theorem 4.4 and considering the non-commutativity of multiplication of two
k — Lucas hybrid numbers, we can get

LH, ,LH, o —LH, G LH = (M) +6,0) () +6,060) = (B ™) + 6,7 ). (405 +5,(1) )
— ﬁfzrlm r2n+1 + lf,\ZIf,\lrlnﬂrzm _ If,;'f,\zrlmﬂrzn _ If,\zlf,;rln r2erl

Also, using the equation (26), then we obtain

LH, LH, ., —LH, LH, = (D"[LH, (85 -5)—£) ™"+ (RE (0 —1r,)—F)

k,n+1 -

: . 1 .
Finally, if we take r —r, = ﬁ , then we get the equation (31).
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CONCLUSION

In this work, we defined k — Fibonacci and k — Lucas hybrid numbers and investigated some of their features.
For these numbers, we obtained some formulas and identities what has an important place in the number system, like
Binet's Formulas, Cassini's identity. Finally, we gave the other important identities that are the special result of these
identities such as Catalan's and d'Ocagne's identities.
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