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Estimates of Gamma and Beta Functions
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Abstract: In this paper, we present and describe some of the most important properties of gamma and beta
functions. Some new results on the theory of inequalities for these functions are also given.
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1. PRELIMINARIES
We present some fundamental relations and identities for gamma and beta functions.

1.1 Gamma function
Letz € C \ Z_. Itis well-known that the classical Euler gamma function can be defined by

( +0oo st .
t* e " dt, if Rz>0,
0
[(2): = i if Rz<O0
| zsin(mz)[(~z2)’ if Rz <0,
. T _ _ N
! sinh(n32)I'(1 — z)’ if Rz=0  Jz=#0.

The gamma function was first introduced by the Swiss mathematician Leonhard Euler (1707-1783) in his goal to
generalize the factorial to non integer values. Later, because of its great importance, it was studied by other eminent
mathematicians like Adrien-Marie Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Christoph Gudermann
(1798-1852), Joseph Liouville (1809-1882), Karl Weierstrass (1815-1897), Charles Hermite (1822-1901), ... as well
as many others. The gamma function belongs to the category of the special transcendental functions and we will see
that some famous mathematical constants are occurring in its study. This function is an important object in various
areas of mathematics. It appears in many different contexts and applications as integration formulas, asymptotic
series, hypergeometric series, Riemann zeta function, number theory... Euler’s gamma function has also been widely
studied (see [1]-[44]). Now, we give some properties of the gamma function (see e.g., [29]).

Recurrence formula:

['(z+ 1) =zI'(2). (1)

vneN, I'(n+1) =n!
r(1) =r)=1.
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r(;)=vr.

2

Legendre’s duplication formula:
222—1 l" F 1
F(ZZ) = W (Z) (Z + E)

Euler’s reflection (or complement) formula:

[r(1-2z) =

T

z & .

sin(rtz)’

vy e R\ {0}, T@iy)l(1—iy)=—i Smh”(ny).
I‘G+Z)FG—Z) =#(nz), Z ¢ G+Z).
vyeR T(3+iy)r(3-iy) = o
['(z)[(-z) = —#@m, z &1
vy R\ {0}, T@)I(-iy) = o=

vneN\ {0}, T(nz)=-"—24 T(z+5).

(2m) z.

[(z) =T@®).

vneN\{0}, Vy €R, |T(n+1+iy)|? = —=2—[17_, (k% + y?).

sinh(my)

vn € N\ {0}, Vy € R, |F(n+%+iy)|2=L Fe1 [(k—%)2+y2].

cosh(my) k=
1

T(x) ~100 V2 x* 277,

1
Va €C, T(x+a)~p V2 x* %277,
Stirling’s (asymptotic) formula:

1
T(x + 1) ~; V21 x* 2277,

1
Vp,q>0, Va,beC, —BD P 2 p-axta-by[pinp-1)-qlng-lx,

I'(qx+b) +oo qb—%
T(px+a) a—-b..a—b
Vp >0, Va,b € C, Foxid) pd P x40,

Wendel’s limit:

2)
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I'(x+a) - a—b
Va,b € C, i) e x27P,
r(px+a) _ a-%_ (p-1x+a—b ,[p(np—1)+1]x
Vp >0, Va,b €C, Tarn) ~*e P 2x e .

1

Lex+a)  (P)\*72  (p-q)x ,[p(np-1)-q(ng-1)]x

1
n! ~, V2r n"ze ",
1
F(X) ~0+ ;.
1.2 Beta function
121 B(p,q), p,q€C\Z_
Let us now consider the useful and related function to the gamma function which occurs in the computation of

many definite integrals. It is defined, for p,q € C\ Z_, by
Definition 1.2

(5 P72 (1 - )9 " dt, if %p,Rq >0,
n(p+q)sin(r(p+q)) .
pasin(mp)sin(mq)B(~p,~q)’ if  %p.Rq <0,
p,qp+q¢EL
n -
~ psin(p)B(-pp+q)’ if Fp<0<-Rp <N,
p €Z,
(p+q)sin(m(p+q)) .
psin(mp) B(_(p + CI), CI); lf iRp <0< ‘Rq < —mp,
p’p + q e Z;
. Y .
—t gsinh(n3p)B(1-p,p+q)’ if Rp=0<MRgq,
Ip # 0,

B(p,q): =« » sinh(T(3p+3q))
l (1—-(p+q))sinh(n3Ip)sin(n3Iq)B(1-p,1—q)

, if Rp=Rq=0,
3Ip,3q9,3p +3q 0,

nsin(r(p+q)) ) _
L osin(mpysinh(30)B (—p1-q)" if %Rp<0=9NRg,

Iq#0, pp+q¢€l,

. sinh(n(3p+3q)) _ , _
! sin(mtp) B(1—(p+aq)q), if Rp<0<Rqg=-Rp,

pe&Z Ip+3q+0,
0, if Rp<0,p¢lL,
q=—(p+n), neN,

B(q,p).

122 B(p,q), p.q>0
Letp,q > 0.
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B(p,q) = f, P11 —5)? " dt.
We give some properties of the beta function (see [29]).

_ I'®I(q)
B@® =m0

B(q,p) = B(p, @)

2
B(p, p) — T®) — 1 Zp\/— I'(p) f t(l _ t) p 1 dt. (3)

r(2p) r(p+)

There exist many useful forms of the beta integral which can be obtained by an appropriate change of variables. In

particular, we have
tp-1

+ 00
Bo,a) = [, gpma 4t (4)
0 <22-P) < B(p,p), 0<p<1.

1 Vm
M(p+3)<Sr@), 0<p<1.

T()?
r2p) < 525, 0<p<1l.

B(1,1) =1.
0 —1 B 1 1
< 220-1) (2p—1) <B(p,p) < Zon P> 1

2p—1VT
G (), p> 1L

N 1
0<Zr@p)<r(p+3)<
0 < 22=D(T(p))? < T(2p) < 2°P~V(2p - )T (P))% p>1.
B(p,1) =%> 1, 0<p<1.

B(l,q)=%<1, g > 1.

1
sm(np) < p(1-p)’

0<2n2<B(p,1-p) = 0<p<z.

21-(P+@)_q 21-P+D (p+q) 1 _
0<12—1_(p+q) <B(p,q)<—pq 1, O<p<2, O0<p<g<l-p<1l
If0<p<z<1—p<q<1 or O<1—pSESp<q<1,then
2P*ta-1_4q p+q
O < mgren < P09 < g

2971(2Pp+p+q-1)—p
2P+a-1p(p+q-1)

2P~ (29q+p+q-1)—q

0< 2P*a-1q(p+q-1)

<B(pq) < , 0<p<1l<yqg.
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1 2P+a-1_q

0 <wipren < BP9 < emigpra

1<p<qg.

1
B(q,9) ~+0 2272172 — 0, q — +oo.

B(1,q) =%—> 0, ¢ — +oo.
B(p,q) ~+0 I'(P)qg? — 0, g — +oo, p>0.

2.  MAIN RESULTS
Letp =g > 0.
Proposition 2.1

B(p,p) < B(p,q) < B(q, ).

Proof. Since P = ¢, then on one hand

Bp.a) = f} (=0 de > L v — e
on the other hand

B = Lt (- 00 de < [ e - o ae

Proposition 2.2
(1)max(p—q,1)

min(p—q,1)
2 )

B(q,q) < B9 < B(q,9).

Proof. We write

1 1
B(p,q) JetPTr A -0t de + 2T (A - P dt

0
1

= 2 [¢P—4 — )P4 — q-1
= [PItP7 T+ (1 -t)P el 1t)] dt.
We consider now the function t +— tP79 + (1 —t)P71, 0<t< > This function is decreasing (resp.

increasing) forp —q = 1 (resp. 0 < p — q < 1). Then
1\P—4

) B <B®a)<3B@q. for p—q=1,

and

1 1\P~4
;B(q,q)SB(nq)S(g) B(q,q), for 0=sp-q<1

Proposition 2.3

22(1-q)
1. If0 < g < 1landp = q, then

a1 = B, ).

2.Ifp=q =1, then B(p,q) < F@ D gD’

1

Proof. We use the equality B(p, q) = fOE [tP~9 4+ (1 — t)P~9][t(1 — t)]9"! dt, and the inequality
t(l—1¢t)< i, for 0 <t < % Then in the first case,
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22(1-q)

p—q+1’

B(p,q) 2 G)q_l foé [P0+ (1 —t)P7] dt

And the inequality is reversed in the second case.

Proposition 2.4
p+q (1-1p+(2P-1)q
.Ifp=2qg =1, thenm <B(p,q) < 2P +-1pg

(29-1)p+(2P-1)q p+q
<B®,9) = 550y
2P*4=1pq 2PT4~1pq

2.1f0 < q <p <1, then
3.1f0<q <1< p,then

[2971q + max((2” — 1)q,p)] < B(p,q) < [2P~'p + min((27 — D)p, q)].

1
2rra=ipq 2Pra=ipq

1

1
Proof. We use the equality B(p, q) = foz tP 1 -t)9 1 dt + foz t771(1 —t)?"1 dt, and the double

1 1
inequality5< 1—-t<1l,for0<t <E'
1. Ifp = q =1, then

p-t o q-1 1 _ B
5= (O F -0 aes () 1t = e

2P+a-lpq

and

-1 1 -1 1
B(p,q) 2 (%)q JetPtde + G)p Jzeatde =P

2P+a-1pq’
2. If 0 < g < p < 1, then the precedent inequalities are reversed.
3.f0< g <1< p,then
P12 1 2 a1 2d-1 1
B(p,q) < (g) Jg A=097 de + [z 97 dt = o=+ oo
1 q-1 1 1 1 1 1 1
B(p,q) < (E) JetPThdt + [zt dt = Zraipy T 2ag

1 p—l 1
2 +p-1 1 2 $q-1 = 41
Bp,q) = [Ztv7tde+(3)  [FeoThdt = o+ o
and
1 _ 1n\a-1 1 _ 1 2P-1
B(p,q) = [z tP™ dt + (E) Jea—-tPtdt = wn T Ty
Corollary 2.5
min(2P-1,1) max(2P-1,1)
Vp >0, e, =BM.p) = =5,

3. APPLICATIONS

Proposition 3.1
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Vk >0,

n(2k+1)

1
min ((25 _ 1) (2’”% - 1) P 1,1) < VT r(kr;)

2k+s k+2 k k+2
< o max (1,2 21, (22 - 1) (2 2 — 1))

Proof. By using the relations (3), (1), and (2), we get
\/El"(k+%) 22(2k-1) (k k

S

k k k
Notethat5<k+%< 1, if 0<k<%, 5<1Sk+§,if %Sk<2,and 1S5<k+%,if

)B(k+%,k+%).

k = 2. The desired result is now obtained by Corollary 2.5.

Proposition 3.2
o< @ <§and0S/1<k, then

min(2% — 1,1)
2k-1f

0
(sing)?~1 < 2k-1B(k,k)(sing)?*~1 Sf (cos¢ — cosB)*~Lcos(Agp) dop
0

vrngn (42 5

<
= B(k+A4k—2)

(sinf)2k-1,

Proof. Let 0 < 0 <§and0 < A < k. We have

1
(2] _ . 1 =k
J, (cos¢ — cos8)~cos(Ap) dp = \E I'(k)(sing)" 2P/12 . (cos)
2
Zk_lB(k,k) . 2k—1 + tk+l_1
B(k+4,k—2) (sinf) fO (142tcos@+t2)k dt,
1
1k
where P; 1 (cosB) denotes the Legendre function, and
2
1 1
ve >0, (A+t)2k = (142tcosO+t2)k — (1+t2)k’
K+A
By using (4), the equality [ S = dt = 2 [** <2 §s. and the first inequality of Corollary 2.5
y using (4), the equality | rer =300 e @S, and the first inequality of Corollary 2.5, we get
the result.
Corollary 3.3
rfr0o<@o <§and0§l<k,then
1 1
(k=3k3) 1 6
2 2 — — 7 Z.gin2 (=
1 < RUy (cost) = 5F (k A,k = Ak +2;sin (2))
< B(k+%%) n-(k_l_l_1)2k—l—2—min(k.1)+max(l,1)
= KHA+1 k—A+1\ — k—A+1 )
B( 2 72 ) min(z 2 —1,1>

where R!(La’ﬁ) (2) is the Jacobi function, of index (@, 8), normalized by Rﬁa’ﬁ)(l) =1.

Proof. We have
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foe (cos¢ — cosB)* Lcos(Agp) dpp = \E F(k)(sin@)k_%Pf__;(cose),

1

——k _ k-L(0 1 1 ] 1. . (6
P;_l (cosf) =tan" 2 (—) 2 F; (5 — /1,5 +Ak+ >3 sin ( ))

2

: 2
and
1_ 91 4. 1 cin2(2)) = ~nc2k-1(2 _ 7. 1 cin2 (8
2F <2 A,z + A k+ > sin (2)) = cos (2) 2F (k +ALk—A1k+ > sin (2))
Then
1
ke osin? (8)) 2 ZT0) ok
2F <k+/1,k /1,k+2,sm (2)) = oo (sinB) X
6
f (cosp — cos8)*~1cos(A¢) d¢.
0
22K=1B (kT (k+3) B(M,ﬂ) B(k+32) . -
Note that N 2 =1, and ZB(kj-l,kz—A) = B(k+§+1,i32+1) . Now, by using Proposition 3.2,

Proposition 2.2 and Corollary 2.5, we finish the proof.
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