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1. PRELIMINARIES 

We present some fundamental relations and identities for gamma and beta functions. 

1.1 Gamma function 

Let z ∈ ℂ ∖ ℤ_. It is well-known that the classical Euler gamma function can be defined by 

Γ(𝑧): =

{
  
 

  
 ∫

+∞

0

𝑡𝑧−1𝑒−𝑡 𝑑𝑡, i𝑓 ℜ𝑧 > 0,

−
𝜋

𝑧sin(𝜋𝑧)Γ(−𝑧)
, i𝑓 ℜ𝑧 < 0,

−𝑖
𝜋

sinh(𝜋ℑ𝑧)Γ(1 − 𝑧)
, i𝑓 ℜ𝑧 = 0, ℑ𝑧 ≠ 0.

 

The gamma function was first introduced by the Swiss mathematician Leonhard Euler (1707-1783) in his goal to 

generalize the factorial to non integer values. Later, because of its great importance, it was studied by other eminent 

mathematicians like Adrien-Marie Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Christoph Gudermann 

(1798-1852), Joseph Liouville (1809-1882), Karl Weierstrass (1815-1897), Charles Hermite (1822-1901), ... as well 

as many others. The gamma function belongs to the category of the special transcendental functions and we will see 

that some famous mathematical constants are occurring in its study. This function is an important object in various 

areas of mathematics. It appears in many different contexts and applications as integration formulas, asymptotic 

series, hypergeometric series, Riemann zeta function, number theory... Euler’s gamma function has also been widely 

studied (see [1]–[44]). Now, we give some properties of the gamma function (see e.g., [29]).  

Recurrence formula:  

 Γ(𝑧 + 1) = 𝑧Γ(𝑧). (1) 

  

 ∀𝑛 ∈ ℕ,    Γ(𝑛 + 1) = 𝑛! 

 Γ(1) = Γ(2) = 1. 
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 Γ (
1

2
) = √𝜋. 

Legendre’s duplication formula:  

 Γ(2𝑧) =
22𝑧−1

√𝜋
Γ(𝑧)Γ (𝑧 +

1

2
). (2) 

Euler’s reflection (or complement) formula:  

 Γ(𝑧)Γ(1 − 𝑧) =
𝜋

sin(𝜋𝑧)
,    𝑧 ∉ ℤ. 

  

 ∀𝑦 ∈ ℝ ∖ {0},    Γ(𝑖𝑦)Γ(1 − 𝑖𝑦) = −𝑖
𝜋

sinh(𝜋𝑦)
. 

  

 Γ (
1

2
+ 𝑧) Γ (

1

2
− 𝑧) =

𝜋

cos(𝜋𝑧)
,    𝑧 ∉ (

1

2
+ ℤ). 

  

 ∀𝑦 ∈ ℝ,    Γ (
1

2
+ 𝑖𝑦) Γ (

1

2
− 𝑖𝑦) =

𝜋

cosh(𝜋𝑦)
. 

  

 Γ(𝑧)Γ(−𝑧) = −
𝜋

𝑧sin(𝜋𝑧)
,    𝑧 ∉ ℤ. 

  

 ∀𝑦 ∈ ℝ ∖ {0},    Γ(𝑖𝑦)Γ(−𝑖𝑦) =
𝜋

𝑦sinh(𝜋𝑦)
. 

  

 ∀𝑛 ∈ ℕ ∖ {0},    Γ(𝑛𝑧) =
𝑛
𝑛𝑧−

1
2

(2𝜋)
𝑛−1
2

∏𝑛−1
𝑘=0 Γ (𝑧 +

𝑘

𝑛
). 

  

 Γ(𝑧) = Γ(𝑧). 

  

 ∀𝑛 ∈ ℕ ∖ {0}, ∀𝑦 ∈ ℝ,    |Γ(𝑛 + 1 + 𝑖𝑦)|2 =
𝜋𝑦

sinh(𝜋𝑦)
∏𝑛
𝑘=1 (𝑘

2 + 𝑦2). 

  

 ∀𝑛 ∈ ℕ ∖ {0}, ∀𝑦 ∈ ℝ,    |Γ (𝑛 +
1

2
+ 𝑖𝑦)|

2

=
𝜋

cosh(𝜋𝑦)
∏𝑛
𝑘=1 [(𝑘 −

1

2
)
2

+ 𝑦2]. 

  

 Γ(𝑥) ∼+∞ √2𝜋 𝑥
𝑥−

1

2𝑒−𝑥. 

  

 ∀𝑎 ∈ ℂ,    Γ(𝑥 + 𝑎) ∼+∞ √2𝜋 𝑥
𝑥+𝑎−

1

2𝑒−𝑥. 

 Stirling’s (asymptotic) formula:  

 Γ(𝑥 + 1) ∼+∞ √2𝜋 𝑥
𝑥+

1

2𝑒−𝑥. 

  

 ∀𝑝, 𝑞 > 0, ∀𝑎, 𝑏 ∈ ℂ,    
Γ(𝑝𝑥+𝑎)

Γ(𝑞𝑥+𝑏)
∼+∞

𝑝
𝑎−

1
2

𝑞
𝑏−

1
2

𝑥(𝑝−𝑞)𝑥+𝑎−𝑏𝑒[𝑝(ln𝑝−1)−𝑞(ln𝑞−1)]𝑥. 

  

 ∀𝑝 > 0, ∀𝑎, 𝑏 ∈ ℂ,    
Γ(𝑝𝑥+𝑎)

Γ(𝑝𝑥+𝑏)
∼+∞ 𝑝

𝑎−𝑏𝑥𝑎−𝑏 . 

  

Wendel’s limit:  
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 ∀𝑎, 𝑏 ∈ ℂ,    
Γ(𝑥+𝑎)

Γ(𝑥+𝑏)
∼+∞ 𝑥

𝑎−𝑏 . 

  

 ∀𝑝 > 0, ∀𝑎, 𝑏 ∈ ℂ,    
Γ(𝑝𝑥+𝑎)

Γ(𝑥+𝑏)
∼+∞ 𝑝

𝑎−
1

2𝑥(𝑝−1)𝑥+𝑎−𝑏𝑒[𝑝(ln𝑝−1)+1]𝑥. 

  

 ∀𝑝, 𝑞 > 0, ∀𝑎 ∈ ℂ,    
Γ(𝑝𝑥+𝑎)

Γ(𝑞𝑥+𝑎)
∼+∞ (

𝑝

𝑞
)
𝑎−

1

2
𝑥(𝑝−𝑞)𝑥𝑒[𝑝(ln𝑝−1)−𝑞(ln𝑞−1)]𝑥. 

  

 𝑛! ∼+∞ √2𝜋 𝑛
𝑛+

1

2𝑒−𝑛. 

  

 Γ(𝑥) ∼0+
1

𝑥
. 

  
1.2  Beta function 

1.2.1  𝑩(𝒑, 𝒒),    𝒑, 𝒒 ∈ ℂ ∖ ℤ− 

          Let us now consider the useful and related function to the gamma function which occurs in the computation of 

many definite integrals. It is defined, for 𝑝, 𝑞 ∈ ℂ ∖ ℤ−, by  

Definition 1.2  

 𝐵(𝑝, 𝑞):=

{
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 ∫

1

0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡, i𝑓 ℜ𝑝,ℜ𝑞 > 0,

−
𝜋(𝑝+𝑞)sin(𝜋(𝑝+𝑞))

𝑝𝑞sin(𝜋𝑝)sin(𝜋𝑞)𝐵(−𝑝,−𝑞)
, i𝑓 ℜ𝑝,ℜ𝑞 < 0,

𝑝, 𝑞, 𝑝 + 𝑞 ∉ ℤ,

−
𝜋

𝑝sin(𝜋𝑝)𝐵(−𝑝,𝑝+𝑞)
, i𝑓 ℜ𝑝 < 0 < −ℜ𝑝 < ℜ𝑞,

𝑝 ∉ ℤ,
(𝑝+𝑞)sin(𝜋(𝑝+𝑞))

𝑝sin(𝜋𝑝)
𝐵(−(𝑝 + 𝑞), 𝑞), i𝑓 ℜ𝑝 < 0 < ℜ𝑞 < −ℜ𝑝,

𝑝, 𝑝 + 𝑞 ∉ ℤ,

−𝑖
𝜋

𝑞sinh(𝜋ℑ𝑝)𝐵(1−𝑝,𝑝+𝑞)
, i𝑓 ℜ𝑝 = 0 < ℜ𝑞,

ℑ𝑝 ≠ 0,

−𝑖
𝜋sinh(𝜋(ℑ𝑝+ℑ𝑞))

(1−(𝑝+𝑞))sinh(𝜋ℑ𝑝)sin(𝜋ℑ𝑞)𝐵(1−𝑝,1−𝑞)
, i𝑓 ℜ𝑝 = ℜ𝑞 = 0,

ℑ𝑝, ℑ𝑞, ℑ𝑝 + ℑ𝑞 ≠ 0,

𝑖
𝜋sin(𝜋(𝑝+𝑞))

𝑝sin(𝜋𝑝)sinh(𝜋ℑ𝑞)𝐵(−𝑝,1−𝑞)
, i𝑓 ℜ𝑝 < 0 = ℜ𝑞,

ℑ𝑞 ≠ 0, 𝑝, 𝑝 + 𝑞 ∉ ℤ,

𝑖
sinh(𝜋(ℑ𝑝+ℑ𝑞))

sin(𝜋𝑝)
𝐵(1 − (𝑝 + 𝑞), 𝑞), i𝑓 ℜ𝑝 < 0 < ℜ𝑞 = −ℜ𝑝,

𝑝 ∉ ℤ, ℑ𝑝 + ℑ𝑞 ≠ 0,
0, i𝑓 ℜ𝑝 ≤ 0, 𝑝 ∉ ℤ,

𝑞 = −(𝑝 + 𝑛), 𝑛 ∈ ℕ,

𝐵(𝑞, 𝑝).

 

1.2.2  𝑩(𝒑, 𝒒),    𝒑, 𝒒 > 𝟎 

        Let 𝑝, 𝑞 > 0.  
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 𝐵(𝑝, 𝑞) = ∫
1

0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡. 

  We give some properties of the beta function (see [29]).  

 𝐵(𝑝, 𝑞) =
Γ(𝑝)Γ(𝑞)

Γ(𝑝+𝑞)
. 

  

 𝐵(𝑞, 𝑝) = 𝐵(𝑝, 𝑞). 

  

 𝐵(𝑝, 𝑝) =
(Γ(𝑝))2

Γ(2𝑝)
= 21−2𝑝√𝜋 

Γ(𝑝)

Γ(𝑝+
1

2
)
= 2∫

1

2
0
[𝑡(1 − 𝑡)]𝑝−1 𝑑𝑡. (3) 

There exist many useful forms of the beta integral which can be obtained by an appropriate change of variables. In 

particular, we have  

 𝐵(𝑝, 𝑞) = ∫
+∞

0

𝑡𝑝−1

(1+𝑡)𝑝+𝑞
 𝑑𝑡. (4) 

  

 0 < 22(1−𝑝) < 𝐵(𝑝, 𝑝),    0 < 𝑝 < 1. 

  

 Γ (𝑝 +
1

2
) <

√𝜋

2
Γ(𝑝),    0 < 𝑝 < 1. 

  

 Γ(2𝑝) <
(Γ(𝑝))2

22(1−𝑝)
,    0 < 𝑝 < 1. 

  

 𝐵(1,1) = 1. 

  

 0 <
1

22(𝑝−1)(2𝑝−1)
< 𝐵(𝑝, 𝑝) <

1

22(𝑝−1)
,    𝑝 > 1. 

  

 0 <
√𝜋

2
Γ(𝑝) < Γ (𝑝 +

1

2
) <

(2𝑝−1)√𝜋

2
Γ(𝑝),    𝑝 > 1. 

  

 0 < 22(𝑝−1)(Γ(𝑝))2 < Γ(2𝑝) < 22(𝑝−1)(2𝑝 − 1)(Γ(𝑝))2,    𝑝 > 1. 

  

 𝐵(𝑝, 1) =
1

𝑝
> 1,    0 < 𝑝 < 1. 

  

 𝐵(1, 𝑞) =
1

𝑞
< 1,    𝑞 > 1. 

  

 0 < 2ln2 < 𝐵(𝑝, 1 − 𝑝) =
𝜋

sin(𝜋𝑝)
<

1

𝑝(1−𝑝)
,    0 < 𝑝 <

1

2
. 

  

 0 < 2
21−(𝑝+𝑞)−1

1−(𝑝+𝑞)
< 𝐵(𝑝, 𝑞) <

21−(𝑝+𝑞)(𝑝+𝑞)

𝑝𝑞
,    0 < 𝑝 <

1

2
,    0 < 𝑝 < 𝑞 < 1 − 𝑝 < 1. 

If 0 < 𝑝 <
1

2
< 1 − 𝑝 < 𝑞 < 1   or   0 < 1 − 𝑝 ≤

1

2
≤ 𝑝 < 𝑞 < 1, then  

 0 <
2𝑝+𝑞−1−1

2𝑝+𝑞−2(𝑝+𝑞−1)
< 𝐵(𝑝, 𝑞) <

𝑝+𝑞

2𝑝+𝑞−1𝑝𝑞
. 

  

 0 <
2𝑝−1(2𝑞𝑞+𝑝+𝑞−1)−𝑞

2𝑝+𝑞−1𝑞(𝑝+𝑞−1)
< 𝐵(𝑝, 𝑞) <

2𝑞−1(2𝑝𝑝+𝑝+𝑞−1)−𝑝

2𝑝+𝑞−1𝑝(𝑝+𝑞−1)
,    0 < 𝑝 < 1 < 𝑞. 
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 0 <
1

2𝑝+𝑞−2(𝑝+𝑞−1)
< 𝐵(𝑝, 𝑞) <

2𝑝+𝑞−1−1

2𝑝+𝑞−2(𝑝+𝑞−1)
,    1 < 𝑝 < 𝑞. 

  

 𝐵(𝑞, 𝑞) ∼+∞ 2√𝜋 2
−2𝑞𝑞−

1

2 ⟶ 0,    𝑞 ⟶ +∞. 

  

 𝐵(1, 𝑞) =
1

𝑞
⟶ 0,    𝑞 ⟶ +∞. 

  

 𝐵(𝑝, 𝑞) ∼+∞ Γ(𝑝)𝑞
−𝑝 ⟶ 0,    𝑞 ⟶ +∞,    𝑝 > 0. 

 

2.  MAIN RESULTS 

       Let 𝑝 ≥ 𝑞 > 0.  

Proposition 2.1  

 𝐵(𝑝, 𝑝) ≤ 𝐵(𝑝, 𝑞) ≤ 𝐵(𝑞, 𝑞). 

 

Proof. Since 𝑝 ≥ 𝑞, then on one hand  

 𝐵(𝑝, 𝑞) = ∫
1

0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡 ≥ ∫

1

0
𝑡𝑝−1(1 − 𝑡)𝑝−1 𝑑𝑡, 

on the other hand  

 𝐵(𝑝, 𝑞) = ∫
1

0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡 ≤ ∫

1

0
𝑡𝑞−1(1 − 𝑡)𝑞−1 𝑑𝑡. 

Proposition 2.2   

 (
1

2
)
max(𝑝−𝑞,1)

𝐵(𝑞, 𝑞) ≤ 𝐵(𝑝, 𝑞) ≤ (
1

2
)
min(𝑝−𝑞,1)

𝐵(𝑞, 𝑞). 

 

Proof. We write  

 
𝐵(𝑝, 𝑞) = ∫

1

2
0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡 + ∫

1

2
0
𝑡𝑞−1(1 − 𝑡)𝑝−1 𝑑𝑡

= ∫
1

2
0
[𝑡𝑝−𝑞 + (1 − 𝑡)𝑝−𝑞][𝑡(1 − 𝑡)]𝑞−1 𝑑𝑡.

 

We consider now the function 𝑡 ⟼ 𝑡𝑝−𝑞 + (1 − 𝑡)𝑝−𝑞,    0 < 𝑡 <
1

2
. This function is decreasing (resp. 

increasing) for 𝑝 − 𝑞 ≥ 1 (resp. 0 ≤ 𝑝 − 𝑞 < 1). Then  

 (
1

2
)
𝑝−𝑞

𝐵(𝑞, 𝑞) ≤ 𝐵(𝑝, 𝑞) ≤
1

2
𝐵(𝑞, 𝑞),    𝑓𝑜𝑟    𝑝 − 𝑞 ≥ 1, 

and  

 
1

2
𝐵(𝑞, 𝑞) ≤ 𝐵(𝑝, 𝑞) ≤ (

1

2
)
𝑝−𝑞

𝐵(𝑞, 𝑞),    𝑓𝑜𝑟    0 ≤ 𝑝 − 𝑞 < 1. 

  

Proposition 2.3    

    1.  If 0 < 𝑞 < 1 and 𝑝 ≥ 𝑞, then 
22(1−𝑞)

𝑝−𝑞+1
≤ 𝐵(𝑝, 𝑞).  

    2.  If 𝑝 ≥ 𝑞 ≥ 1, then 𝐵(𝑝, 𝑞) ≤
1

22(𝑞−1)(𝑝−𝑞+1)
.  

 

Proof. We use the equality 𝐵(𝑝, 𝑞) = ∫
1

2
0
[𝑡𝑝−𝑞 + (1 − 𝑡)𝑝−𝑞][𝑡(1 − 𝑡)]𝑞−1 𝑑𝑡, and the inequality  

𝑡(1 − 𝑡) <
1

4
, for 0 < 𝑡 <

1

2
. Then in the first case,  
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 𝐵(𝑝, 𝑞) ≥ (
1

4
)
𝑞−1

∫
1

2
0
[𝑡𝑝−𝑞 + (1 − 𝑡)𝑝−𝑞] 𝑑𝑡 =

22(1−𝑞)

𝑝−𝑞+1
. 

And the inequality is reversed in the second case.  

 

Proposition 2.4    

    1.  If 𝑝 ≥ 𝑞 ≥ 1, then 
𝑝+𝑞

2𝑝+𝑞−1𝑝𝑞
≤ 𝐵(𝑝, 𝑞) ≤

(2𝑞−1)𝑝+(2𝑝−1)𝑞

2𝑝+𝑞−1𝑝𝑞
.  

    2.  If 0 < 𝑞 ≤ 𝑝 ≤ 1, then 
(2𝑞−1)𝑝+(2𝑝−1)𝑞

2𝑝+𝑞−1𝑝𝑞
≤ 𝐵(𝑝, 𝑞) ≤

𝑝+𝑞

2𝑝+𝑞−1𝑝𝑞
.  

    3.  If 0 < 𝑞 ≤ 1 ≤ 𝑝, then  
1

2𝑝+𝑞−1𝑝𝑞
[2𝑞−1𝑞 + max((2𝑝 − 1)𝑞, 𝑝)] ≤ 𝐵(𝑝, 𝑞) ≤

1

2𝑝+𝑞−1𝑝𝑞
[2𝑝−1𝑝 + min((2𝑞 − 1)𝑝, 𝑞)]. 

  

Proof. We use the equality 𝐵(𝑝, 𝑞) = ∫
1

2
0
𝑡𝑝−1(1 − 𝑡)𝑞−1 𝑑𝑡 + ∫

1

2
0
𝑡𝑞−1(1 − 𝑡)𝑝−1 𝑑𝑡 , and the double 

inequality 
1

2
< 1 − 𝑡 < 1, for 0 < 𝑡 <

1

2
.   

1.  If 𝑝 ≥ 𝑞 ≥ 1, then  

 𝐵(𝑝, 𝑞) ≤ (
1

2
)
𝑝−1

∫
1

2
0
(1 − 𝑡)𝑞−1 𝑑𝑡 + (

1

2
)
𝑞−1

∫
1

2
0
(1 − 𝑡)𝑝−1 𝑑𝑡 =

(2𝑞−1)𝑝+(2𝑝−1)𝑞

2𝑝+𝑞−1𝑝𝑞
, 

and  

 𝐵(𝑝, 𝑞) ≥ (
1

2
)
𝑞−1

∫
1

2
0
𝑡𝑝−1 𝑑𝑡 + (

1

2
)
𝑝−1

∫
1

2
0
𝑡𝑞−1 𝑑𝑡 =

𝑝+𝑞

2𝑝+𝑞−1𝑝𝑞
. 

2.  If 0 < 𝑞 ≤ 𝑝 ≤ 1, then the precedent inequalities are reversed.  

3.  If 0 < 𝑞 ≤ 1 ≤ 𝑝, then  

 𝐵(𝑝, 𝑞) ≤ (
1

2
)
𝑝−1

∫
1

2
0
(1 − 𝑡)𝑞−1 𝑑𝑡 + ∫

1

2
0
𝑡𝑞−1 𝑑𝑡 =

2𝑞−1

2𝑝+𝑞−1𝑞
+

1

2𝑞𝑞
, 

 

 𝐵(𝑝, 𝑞) ≤ (
1

2
)
𝑞−1

∫
1

2
0
𝑡𝑝−1 𝑑𝑡 + ∫

1

2
0
𝑡𝑞−1 𝑑𝑡 =

1

2𝑝+𝑞−1𝑝
+

1

2𝑞𝑞
, 

 

 𝐵(𝑝, 𝑞) ≥ ∫
1

2
0
𝑡𝑝−1 𝑑𝑡 + (

1

2
)
𝑝−1

∫
1

2
0
𝑡𝑞−1 𝑑𝑡 =

1

2𝑝𝑝
+

1

2𝑝+𝑞−1𝑞
, 

and  

 𝐵(𝑝, 𝑞) ≥ ∫
1

2
0
𝑡𝑝−1 𝑑𝑡 + (

1

2
)
𝑞−1

∫
1

2
0
(1 − 𝑡)𝑝−1 𝑑𝑡 =

1

2𝑝𝑝
+

2𝑝−1

2𝑝+𝑞−1𝑝
. 

  

Corollary 2.5   

 ∀𝑝 > 0,    
min(2𝑝−1,1)

22(𝑝−1)𝑝
≤ 𝐵(𝑝, 𝑝) ≤

max(2𝑝−1,1)

22(𝑝−1)𝑝
. 

 

 

 

 

 

 

3. APPLICATIONS  

Proposition 3.1  
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 ∀𝑘 > 0,    
2𝑘+3

𝜋(2𝑘+1)
min ((2

𝑘

2 − 1) (2𝑘+
1

2 − 1) , 2
𝑘

2 − 1,1) ≤
√𝜋 Γ(𝑘+

1

2
)

(Γ(
𝑘+1

2
))
2  

 

 ≤
2𝑘+3

𝜋(2𝑘+1)
max(1, 2𝑘+

1

2 − 1, (2
𝑘

2 − 1) (2𝑘+
1

2 − 1)). 

 

Proof. By using the relations (3), (1), and (2), we get  

 
√𝜋 Γ(𝑘+

1

2
)

(Γ(
𝑘+1

2
))
2 =

22(2𝑘−1)𝑘

𝜋
𝐵 (

𝑘

2
,
𝑘

2
)𝐵 (𝑘 +

1

2
, 𝑘 +

1

2
). 

Note that 
𝑘

2
< 𝑘 +

1

2
< 1, if   0 < 𝑘 <

1

2
,     

𝑘

2
< 1 ≤ 𝑘 +

1

2
, if   

1

2
≤ 𝑘 < 2, and   1 ≤

𝑘

2
< 𝑘 +

1

2
, if 

  𝑘 ≥ 2. The desired result is now obtained by Corollary 2.5.  

  

Proposition 3.2   

If 0 < 𝜃 <
𝜋

2
 and 0 ≤ 𝜆 < 𝑘, then  

min(2𝑘 − 1,1)

2𝑘−1𝑘
(sin𝜃)2𝑘−1 ≤ 2𝑘−1𝐵(𝑘, 𝑘)(sin𝜃)2𝑘−1 ≤ ∫

𝜃

0

(cos𝜙 − cos𝜃)𝑘−1cos(𝜆𝜙) 𝑑𝜙

≤
2𝑘−2𝐵(𝑘, 𝑘)𝐵 (

𝑘 + 𝜆
2 ,

𝑘 − 𝜆
2 )

𝐵(𝑘 + 𝜆, 𝑘 − 𝜆)
(sin𝜃)2𝑘−1.

 

 

Proof. Let 0 < 𝜃 <
𝜋

2
 and 0 ≤ 𝜆 < 𝑘. We have  

 
∫
𝜃

0
(cos𝜙 − cos𝜃)𝑘−1cos(𝜆𝜙) 𝑑𝜙 = √

𝜋

2
 Γ(𝑘)(sin𝜃)𝑘−

1

2𝑃
𝜆−

1

2

1

2
−𝑘
(cos𝜃)

=
2𝑘−1𝐵(𝑘,𝑘)

𝐵(𝑘+𝜆,𝑘−𝜆)
(sin𝜃)2𝑘−1 ∫

+∞

0

𝑡𝑘+𝜆−1

(1+2𝑡cos𝜃+𝑡2)𝑘
 𝑑𝑡,

 

where 𝑃
𝜆−

1

2

1

2
−𝑘
(cos𝜃) denotes the Legendre function, and  

 ∀𝑡 > 0,    
1

(1+𝑡)2𝑘
≤

1

(1+2𝑡cos𝜃+𝑡2)𝑘
≤

1

(1+𝑡2)𝑘
. 

By using (4), the equality ∫
+∞

0

𝑡𝑘+𝜆−1

(1+𝑡2)𝑘
 𝑑𝑡 =

1

2
∫
+∞

0

𝑠
𝑘+𝜆
2
−1

(1+𝑠)𝑘
 𝑑𝑠, and the first inequality of Corollary 2.5, we get 

the result.  

  

Corollary 3.3  

If 0 < 𝜃 <
𝜋

2
 and 0 ≤ 𝜆 < 𝑘, then  

 

1 ≤ 𝑅
−(𝑘−𝜆)

(𝑘−
1

2
,𝑘−

1

2
)
(cos𝜃) =  2𝐹1 (𝑘 + 𝜆, 𝑘 − 𝜆; 𝑘 +

1

2
; sin2 (

𝜃

2
))

≤
𝐵(𝑘+

1

2
,
1

2
)

𝐵(
𝑘+𝜆+1

2
,
𝑘−𝜆+1

2
)
≤

𝜋(𝑘−𝜆+1)2𝑘−𝜆−2−min(𝑘,1)+max(𝜆,1)

min(2
𝑘−𝜆+1

2 −1,1)

,
 

where 𝑅𝜇
(𝛼,𝛽)

(𝑧) is the Jacobi function, of index (𝛼, 𝛽), normalized by 𝑅𝜇
(𝛼,𝛽)

(1) = 1.  

  

Proof. We have  
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 ∫
𝜃

0
(cos𝜙 − cos𝜃)𝑘−1cos(𝜆𝜙) 𝑑𝜙 = √

𝜋

2
 Γ(𝑘)(sin𝜃)𝑘−

1

2𝑃
𝜆−

1

2

1

2
−𝑘
(cos𝜃), 

 

 𝑃
𝜆−

1

2

1

2
−𝑘
(cos𝜃) = tan𝑘−

1

2 (
𝜃

2
)  2𝐹1 (

1

2
− 𝜆,

1

2
+ 𝜆; 𝑘 +

1

2
; sin2 (

𝜃

2
)), 

and  

 2𝐹1 (
1

2
− 𝜆,

1

2
+ 𝜆; 𝑘 +

1

2
; sin2 (

𝜃

2
)) = cos2𝑘−1 (

𝜃

2
)  2𝐹1 (𝑘 + 𝜆, 𝑘 − 𝜆; 𝑘 +

1

2
; sin2 (

𝜃

2
)). 

Then  

  2𝐹1 (𝑘 + 𝜆, 𝑘 − 𝜆; 𝑘 +
1

2
; sin2 (

𝜃

2
)) =

2𝑘Γ(𝑘+
1

2
)

√𝜋 Γ(𝑘)
(sin𝜃)1−2𝑘 × 

∫
𝜃

0

(cos𝜙 − cos𝜃)𝑘−1cos(𝜆𝜙) 𝑑𝜙. 

Note that 
22𝑘−1𝐵(𝑘,𝑘)Γ(𝑘+

1

2
)

√𝜋 Γ(𝑘)
= 1 , and 

𝐵(
𝑘+𝜆

2
,
𝑘−𝜆

2
)

2𝐵(𝑘+𝜆,𝑘−𝜆)
=

𝐵(𝑘+
1

2
,
1

2
)

𝐵(
𝑘+𝜆+1

2
,
𝑘−𝜆+1

2
)

. Now, by using Proposition 3.2, 

Proposition 2.2 and Corollary 2.5, we finish the proof.  
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