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Abstract: In this research paper, a new integral transform, namely AF transform was introduced and applied to
solve linear system of Integro-differential equation with constant cofficients. The brilliance of the method in
obtaining analytical solution of some system of Volterra integral and Integro differential equation. we will solve
some examples by the homotopy perturbation method (HPM) and compare to new integral transform method.
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1. Introduction
Recently, a new integral transform was introduced and was named as AF transform which is defined by
p(v) = AF{f(t)} = vfooo e 7"t f(£)dt and AF v fowe_vzt f®)de} =) (1.2)

The AF integral transform states that, if f(t) is a piecewise continuous on every finite interval in [0,+o0) and

exponential order. The AF~* will be inverse of the AF integral transform (1.1).

Definition1.1. The function f(t) is called exponential order on every finite interval in [0,+ o) that satisfying
If(©)| < Me®, 3M > 0 Vt € [0, +0).

Theorem 1.2. (Criteria for Convergance). The AF integral transform AF {f (t)} exists if it has exponential order
and integral exists for any b>0.

Proof. Since we only need to show convergence for sufficiently large v, assume v < v/c and v > 0. We break the
integral of v f0w|f(t) e vt dt| into two integrals, one from 0 to n and another from n to o which we have

UJ(; |f(t) e—VZt |dt UJO |f(t) e_vzt |dt+ vJ;l |f(t) e—vzt |dt
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. fo "IFOlde + v f e F(Oldt,
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n (o]
< vf If(®)|dt + vf e 7’t Metdt, definition 1.1
0 n

n elc—v?)t
< vJ- |f(t)|dt+vMC 2 where t =nto o v > /c,
o _
n e(c—vz)n
< o[ If@lde + o, v Ve
0 c—v

The first integral exists by assumption, and the second term is finite for v? > ¢, so the integral
v f0°° e vt f(t)dt convergence absolutely and the AF{f (t)} transform existsm

Theorem 1.3. (First transfer theorem). Let P(v) is the AF{f (¢t)} transform function of f(t), i.e. AF{f(¢t)} = P(v).
Then

AF{e**f()} =

Proof. It is proved by the following calculation:

[oe]

AF{etef ()} = vf e V't e*a F()dt = vf
0 0

e~ @O f(g)dt = —— P (\/vz + a) n
Jvita
Theorem 1.4. Let AF{f(t)} = P(v). Then

n-—1

AF{f®™ ()} = vCVP () — Z P21 £09(0), (> 1) (12)
k=0

Proof: By substituting f(t) with f'(t) into (1.1) we obtain AF{f'(t)} = vfowe“’zt f'(t)dt . By integrating by
part we have

AF{f' ()} = v*P(v) — vf(0)

which equals to (1.2) with n=1 exactly. Let g(t) = f'(t) then g'(t) = f"'(t) by substituting f(t) with f"(t) into
(1.1) again we obtain

AF{f" ()} =v f e "t 7 (t)dt.
By integrating by part we have
AF{f" ()} = v*P(v) —v*f(0) — vf'(0)

that this formula is equal to (1.2) with n=2 exactly. (1.2) can be providing by mathematical induction m

Theorem 1.5. Let AF{f(t)} = P(v). Then

t 1
AF {J fw) dw} = EP(U).
0

Proof. Let
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G() = J, fw) dw.
Then G'(t) = f(t) and G(0) = 0. Taking AF transform of both sides, we have
AF{G'(t)} = v?AF{G(t)} — vG(0) = P(v).
Then

AF{G(D)} = % P(v) and AF { Jy fw) dw} =—P(v).m

Theorem 1.6. Let P(v) is the AF{f (t)} transform of function f(t) that means AF{f(t)} = P(v). Then

d (P(v)
1 P(v)
) dv (17 dv < )) (1-3)
P
) dv(y < S’)> ) =1 (1.6)

n times

AF{tf ()} =

-1

53

AR f©0) = (S
(%

AF{t"f (D)} =

Proof. As we know p(v) = AF{f(t)} = vfome"’sz(t)dt. First devide both side this equation by v and take

derivative respect to v results:

d (P(v) ©
%(T) =-=2 Ufo e tf(t)dt.
AF{tf (£)}
Then
—-1d (P
AF{f(t)} = 7@(#)

It follows from (1.4) that

artr 01 =5 5o (2

Then

© vt -1d (P(v)
'UJO tf(t)dt— Td_v< " )

divide both side this equation by v and take derivative respect to v yields
AR A} = <—1)2 d(1d [(P()
roy = 2/ dv\vdv\ v '

Also, (1.6) can be providing by mathematical induction. Therefore, we complete the proof of this theorem. m
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Theorem 1.7. Let P(v) and Q(v) are the AF{f(x)} and AF{g(x)} transform of function f(x)f(x) and g(x) that
means AF{g(x)} = Q(v) and AF{f(x)} = P(v). Then the AF transform of the convolution of f(x) and g(x)

¢+ = [ FOg =
is given by
AF((f + 9)() = 3 P()Q() (17)
Proof. The AF transform of (f * g)(t) is defined by
AF{(f * )(x)} = vfo e vt fo F()g(t —Ddrdt = vfo f(Odt JO e V’tg(t — 1) dt

Now setting t — t = U we have

[ee]

vJ:oe"’sz(r)dt foooe"’ztg(t)dt=% vfome-vsz(r)dr vfo e V"7 g(1)dt =%P(U)Q(v).

P(v) Q)

Then

AF{(f * )(0)} = - P@)Q(v).
Thus this complete the proof. m
2. Application to system of Integro-Differential Equations

Let us consider the general first order system of integro-differential equation.

YO = £©) + f [y () + ¥, (0)]dx
0

t
Y0 = g(0) + f 2 () =y (0)]dx
0

Whith the initial conditions, yl(k) (0) = ay, yz(k) (0) = By . By using AF transform into (2.1) we have

{vzn Vi) — TRZ§ vy, 00) = P() + 57i(v) + 5 75(v) 02

v Y5 (v) — TiZgvA 1y, 0(0) = Q) + S T) — ¥R (v)

Where y7 and y;, are AF transform of y,, y, respectively. Substituting yl(k)(o) = ay, yz(k)(o) = B into (2.2) and

solve these equations to find

p2n+2_q (2-3)

V2(t) = AW) + S B(v)

pAn+a_y

_ U2n+2+1 1
{yl(t) = L AW + e BW)
paAn+a_y

where
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n-1 n-1

A(w) = v?P(v) + Z v2(--1 g and B(v) = v2Qv) + Z p2n-i-tp
k=0 k=0

Then

2n+2 1 2n+2 __

v 1 1
yi(t) = AF 7! {m/‘(”) + mB(”)}' Y2(t) = AF™ {m“‘(”) + mB(“)}-
Example 2.1. Consider the following system,

(24)

-1

Y, = St =2t + [[[(t — )y, (0)]dx

12

{y'l(o =t+ [ [y (0) + y,(0)]dx

with the initial conditions, y;(0) = 0and y,(0) = 1.

J— J— 1
v Y1 (0) = v 31 (0) = = + T () + V()
V2 73 (0) = vy,(0) = S 5 — 2+ i (v)

12v2  v3

(25)
(2.6)

{v“ ¥, (v) — v° 7 (v) = v1° — 206 — 2
vy,(w) + (v° =)y (v) = 1

The solution of these equations is
— 2 2 — 1 2 2
yi(v) = 75 () =t2, y,(v) = i and  y,(t) =1-t"
Example 2.2. Consider the following system,

y', () =—-1—t*—sint + fot[yl(x) + v, (x)]dx 27)

y",(t) = —1—2sint — cost + fot[yl(x) — y,(x)]dx '
subjected to the initial conditions: y,(0) =1, y',(0) =1, y,(0)=0, y ,(0)=2. Applying the AF
transform to both equations (2.7), the result is as follows:

2 v3

R
s 2y (2.8)

vi+1 3 v¥+1

W=Dy - @) =v°+ v’ —v -

-y W)+ @+ 1) y,(v) =2v3 —v—
According to (2.8), after some simplication and substitution, the following sets of relations are resulted:
y.(t) =t+cost, y,(t) =t +sint.

Now, we will solve this example by the homotopy perturbation method (HPM) [3]. To do this, we construct a
homotopy function as the following form:

H(y1();p) = y1(t) + 1+t +sint — P fot[)ﬁ(x) + ¥y, (x)]dx

2.9
H(y2();p) = y2(8) + 1+ 2sint + 2 cost — P f, [y, (x) — y,(x)]dx @9

The embedding parameter p monotonically increases from 0 to 1. In order to apply this method the following
expansion will be used
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1® =) P yn®, 70 = ) Py, (2.10)
n=0 n=0

where y;,,(¢t) and y,,,(t),n = 0 are the components of y, (t) and y,(t) that will be elegantly determined in the
recursive manner. Substituting (2.10), in (2.9), and equating the terms with equal powers, the following sets of
relations are resulted:

2 4

Yio(®) =1 —%—E + sint,
3tz t7 .
y11(6) ==-3+t+ = T 3520 + 3cost —sint,
£3 5 5 6 +8 £10
12(0) =28 = =55~ + 360 20160 907200 2
3 4 45 té t7 t8 13

t
yi3() =6 -2t =3t* + -+ ————

377 "0 120 T 2520 T 6720 " 1556755200 0Ot T 2sint,

t2
V2o(t) = -1 +?+ 2sint + cost,

t2 2 0t
y21(t) =1—-t— 7+ ?_%_ﬁ +sint — cost,

23 t* t5 ¢° t8
Voo (t) = 24 4t — t% — = * 1330 360 " 20160 —4sint — 2 cost,
t3 t4 t5 t6 t7 tll t13
Yaa(t) = =242t 4 8 = = ot e T 2520 9979200 1556755200 F2C0St— 2sint,

and so on. Therefore, the solutions by the HPM with three terms will be determined as:

2 t4 t6 t8 th t13
yvi®)=4+t-2t°+———+ - - — 3cos't,
6 180 ' 10080 907200 1556755200 211
5 2t3 t5 t7 t9 t11 t13 ( . )
t)=5t—"—+_———+ - - — 3sint.
Y2(t) 3 ' 30 1260 ' 90720 9979200 1556755200

We substituting cost and sint with Taylor series in (2.11), the following sets of relations are resulted
y,(t) =t+cost and y,(t) =t +sint

Equal to solutions of (2.8) exactly.

3. Conclusion

In this work, we have applied the Reconstruction of Variational Iteration Method AF transform for solving the
systems of Volterra integro-differential equations. In our method knowing the variational theory is not essential
while it was needed in the variational iteration method. It is important to point out that some other methods should
be applied for systems with separable or difference kernels. Whereas, the AF transform can be used for solving
systems of Volterra integro- differential equations with any kind of kernels. By comparing the results of other
numerical methods such as homotopy perturbation method(HPM) [3], we conclude that the AF transform is more

accurate, fast and reliable. Besides , AF transform does not require small parameters; thus, the limitations of the
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traditional perturbation methods can be eliminated, and the calculations are also simple and straight-forward. These
advantages has been confirmed by employing two examples. Therefore, this method is a very effective tool for
calculating the exact solu- tions of integro-differential equations systems.
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