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Abstract: In this paper, we introduce a symmetric endomorphism operator 651,12 allows us to obtain a new
generating functions involving the product of Padovan numbers, k-Fibonacci numbers, k-Lucas numbers and
Chebychev polynomials of first and second kind.
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1. INTRODUCTION

Many authors have studied some special number by using homogeneous linear recurrence relations and their
properties such as: Fibonacci numbers, Lucas numbers, Padovan numbers and Perrin numbers ; see for example,
[1,2,3,4,5]. The Fibonacci numbers F;, is defined recurrently by F,, = F,,_1 + F,_,, n=2and F, =1,F; = 1. It is
well known that the ratio of two consecutive of Fibonacci numbers converges to a = (1 + \/E) /2 [6]. In similar
manner, the ratio of two consecutive Padovan numbers converges to Plastic numbers p [12]:

3

123 31 1 |23

I + X
P= 127637 |27 63

This value was firstly defined in 1924 by Gérard Cordonnier. The Padovan sequence is the sequence of integers
P, defined by the third-order recurrence relation B, = P,_, + P,_3,n = 3 and the initial values: P, =P, =P, =1
[7]. The first values of B, are: 1, 1, 1, 2, 2, 3,4, 5,7, 9, 12, 16, 21, 28, 37,49,...(sequence A000931 in [8]). The
Padovan numbers are named after the mathematician Richard Padovan . There are many studies concerns about the
Padovan numbers for example: In [9] Cereceda provied some determinantal representation of the Padovan numbers
by using the Hessenberg matrices. In [10] Yilmaz and Taskara developed the matrix sequence that represent
Padovan numbers and examined their properties. In this study, a new generating functions of the product of
Padovan numbers, k-Fibonacci numbers and k-Lucas numbers are given by using some properties of symmetric
functions.

2. SYMMETRIC FUNCTIONS

Definition 1:[11] Let k and n be two positive integer and {a,, a,, ..., a,} are set of given variables the k-th
elementary symmetric function e, (a4, a,, ..., a,)are defined by

[ee]
i i
ex(as, ay, ...,a,) = Z altay .a;

i +igttin=k
with iy, iy, ...,i, = 0or 1.

%
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Definition 2:[11] Let k and n be two positive integer and {a,, a,, ..., a,} are set of given variables the Kk-th
complete homogeneous symmetric function hy (a,, a,, ..., a,) are defined by

[oe]

hy(aq,a,, ...,a,) = Z ajray ..ay, 0<k<n,
ig+ipttin=k
with iy, iy, o, iy = 0.

Remark 1: We set ey(aq,ay, ..., a,) = 1 and hy(aq, ay, ..., a,) = 1(by convention). For k > n or k < 0, we set
ex(ay, a,, ...,a,) = 0 and hy(a,, ay, ..., a,)=0.

Remark 2: Let A = {a,,a,, ..., a,} an alphabet, we have
hy(ay, ay, ..., ay) = hi(ay, ay, ..., ay) = S (a; + a, + -+ ay,).

Definition 3:[12] Let A and B be any two alphabets, then we give S, (A — B) by the following form:

HbeB(l bz)
a—a ZS(A B)z™, 2.1)

with the condition S,,(A — B)=0forn < 0 [13]

Remark 3: [14]Taking A ={0,0,...,0} in (2.1) gives

ZS (—B)z" 1_[(1 — b2). 2.2)

beEB

Definition 4:[15] Given a function fon R", the divided difference operator is defined as follows:

flay, ., a;, Qgq, e @) — f(Qq, s Qi_q, Qig1, Qjy ey Q)
a; — Qjyq

aai,aiﬂf(al) =

Definition 5:[16] The symmetrizing operator 85 ,,is defined by

k _ Ak
5 o (@) = 2L (a;) — ZZf @) oraitken, (2.3)

If f(a,) = a4, the operator (2.3) gives us

aglazf(al) = hk(all az) [17]'
Proposition 1:[18.19] The relations

1)Fk,—n = (_1)n+1Fk,n:
2) Lk.—n = (_l)nLk,w

Foralln > 0.
3. On the Generating Functions of Some Padovan Numbers and Polynomails

The following Theorem is one of the key tools of the proof of our main results.
Theorem 1:[20] Let A and B be two alphabets, respectively, {a,, a,, ..., a, } and {b;, b, }, then we have

Z ™ (ay, ay, ..., an)h,((zfn_l(bl, b,)z™

~ TrTb(—1)"en(ay, @y, ., and R, (by, by)blbYz"
T (D en(ar, @z, ., a) (012" (B o (— 1D en(ay, Oz, ) 0 (b;2)")

_ (b1b2)K T80 (-4 e ey 1 (01,02, an) I (b1 b3) 2™+
(EReo(-D"en(a1,az,...an) (012)")(Tr=o(-1"en(a1,az,...an) (b22)™)’
In this section, we use the previous theorem in order to derive a new generating function involving the product
of Padovan numbers, k-Fibonacci numbers and Chebychev polynomial of first and second kind.
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3.1. IfA = {al, a,, ag},B = {1.0}

Lemma 1. Given an alphabet A = {a,, a,, a3}, we have

1
g 3) n _
h aq,a,,03)Z" = . 3.1

n ( 1, 2 3) HaeA(l Z) ( )

n=0

From (3.1) we can deduce the following formula :
Z h,(f_)l(al, a,, as;)z" = B , (3.2)
- HaeA(l - aZ)
n=0
with
1_[(1 —az) =1-(a; +a, +a3)z+ (a,a, + a,a3 + a,a;)z? — a;a,a;z3
a€cA
=1—-e;(ay,a, a3)z + ey(ay, a,, a;)z* — e;(ay, ay, a3)z>.

e1(ay, aza3) =0
The substitution < e;(a;, a,,a;) = —1 in(3.1) and (3.2) we obtain the following formulas, respectively:
e3(ay,az,a3) =1

[ee]

h(3)( ) n_; 3.3

n \Q1,02,03) Z _1_22_23' ( . )
n=0

Zh(3) (ai,a a)z"=;. (3.4)
. n-1A T R T3 1—22—23

n=

By added the formula (3.3) to (3.4) we obtain

o 1+
Y=o (hr(lg)(apaz:as) + h51331(a1,a2,a3))z" = z

T 1-z2-73
which represents a generating function of Padovan numbers
Corollary 1: Forn € N, we have
P = hS)(alt a as) + hf_)l(ap a,, az).
3.2. IfA = {al, a,, ag},B = {bli bz}
Based on the theorem 1 (k = 1,2) we get the following Lemmas

Lemma 2:[21] Given two alphabets A = {a,,a,,as} and B = {b, b,}, we have

[oe]

Z h(3)(a @ a )h(z)(b b,) z" = 1 — bibyey(ay, az, a3)z* + byby(by + by)es(ay, ay, a3)z* (3.5)
£, G2 Gl (O B2 MacaCl — aby2) Taea(l — abyz) e
Lemma 3: Given two alphabets A = {a,,a,,as} and B = {b;, b,}, we have

N (by+b;) = bybse (ay, az,a3)7 + bibles(ay, az, a5)7°

h(S)(a ,dy, a )h(z) (by,by) z™ = 3.6

Z (a0 Gafnga (O B Maea(l — ab12) Haea(l — aby2) G0
From (3.6) we can deduce

Z rL® (ay,a,,a )h(z)(b b,) z" = (by+by)z — bybye; (a1, a, a3)z* + bibjes(ay, az, a3)z* (3.7)

g Maca(l = aby2) Maea(l — aby2) Y

By replacing b, by (—b,)in (3.5) and (3.7) we obtain, respectively, the following relationships

1+ bybye;(aq, ay, ‘13)22 — biby(by — by)es(ay, a,, a3)23
l_[aeA(1 - ablz) HaeA(l + abzz)

Z hr(ls)(ap az, as)hg) (by, [=by]) 2" = . (3.8)

n=0
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(by—by)z + bybye;(ay, a, a3)z* + bibjes(ay, ay, az)z*
[Taea(l — aby2) [1gea(1 + ab,z)

D h: @,z @) (b, [—b,]) 2 = ,(39)
n=0

with
[laea(l — aby2) [14ea(1 + ab,2)

=1—(by—by)ei(as,a;,a3)z + (ez(ap az, a3)(b1—b2)2 — byb, <(el(a1, az, a3))2 — 2e3(a4, ay, a3))> z?
- (93 (ay, az, a3)(b1—b2)3 — byb, (b1_b2)(ez (a1, az,a3)e;(ay, az, a3) — 3ez(ay, ay, a3))) 7%+
<_b1b2 (by—by)%e3(ay, az, az)e;(as, a,, az) + bibs <(ez (aq,a,, as))z — 2e3(ay,az,a3)e1(ay, ay, a3))> z*
—bib3(by—by)es(ay, ay, az)e,(ay, ay, az)z® — bib3 (63(611, az, as))zzé-
ei(ay,az,a3) =0

The substitution < e,(a,, a,,a;) = —1and {
e3(ay, az,a3) =1

bl_bZ = k

bob =1 in (3.8)and (3.9) give
102 =

S HE (01,03, by, (b)) 27 = Lor ke C @10)
: o o 1—Q2+k?)z2 — Bk +k3)z3 + z* + kz5 — 26
n=
N kz + z*

(3) (2) _ n_
Zhn-l(“l' a2 83 (by =0 ) 2 = T Gk B+ et ks — oo G
n=

By added the formula (3.10) to (3.11) we obtain:

3 14 kz—z* —kz*+z*
11—+ k¥z2— Bk +k3)z3 + z* + kz5 — 28

Z h‘E],Z) (bll [_bz]) (h‘513) (all aZI a3) + h‘ELS—)l(al' a2’ a3)) Zn

n=0
(3.12)
which represents a new generating function, involving the product of Padovan numbers with k- Fibonacci numbers,

such that: PFyy = h (by, [=b,]) (A (a1, az, @) + h$Y, (a1, a5, 5)).

Proposition 2: For n € N, the new generating function of the product of Padovan numbers and k-Fibonacci

numbers at negative indices is given by

- —1+4+kz + 2% — kz3-2z*
Z Py 2" = (3.13)
n=0

T 1-Q+ kD22 + Bk + k3)z3 + z* — kz5 — 25

Put k = 1in (3.12)and (3.13) we deduce the following propositions
Proposition 3: Forn € N, the new generating function of the product of Padovan numbers and Fibonacci numbers

is given by

iPF " 14z—2z%—2z3+z*

z" = :
O"" 1—322—-423 + z* + 25 — 2°
n=

Proposition 4: For n € N, the new generating function of the product of Padovan numbers and Fibonacci numbers at

negative indices is given by

Z.O:PF N —1+z+4z%—2z3-2*

nZ" = :
0” " 1— 3224423 + z* — 25 — 2°
n=
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Theorem 2: Forn € N, the new generating function of the product of k-Lucas numbers and Padovan numbers is

given by

- 2+kz—(2+kDz%—k(2+kDz®+ (2 + k?)z*
ZPL"” n = ( ) ( )z +( ) (3.14)

1—-Q2+4+k?)z2 - Bk+k3z3+ 2%+ kz5 -2z~

Proof. We have

= (2 + kHhP (by, [-b,]) — k hE) (by, [~b,]) (see[22]),
then

[ee)

D Pilienz" = ) (1 (a1, a0,09) + B (1,02,09)) (@ + kDR (b, [=b,]) = khZ, (by, [=b,])) 2"
=0

=2+k%» Z h(Z)(bp [=b.]) (h1(13)(a1' a, az) + h£1331(a1' a, a3)) z" —
k Z h1(12+)1(b1, [—b2]) (h(3 (ay,az,a3) + h (al, as,, a3))
=2 +k?) Z PFynz" —k Z h(2)1(b1x bz])hf)(ab a az) z"

—k Z B, (by, =D, (ay, a3, 5) 2

® n+2 — (~b )n+2
TS TS S S

= by + b,
bn+2 _ (_bz)n+2

kzhn 1(a1,a2,a3) b +b
1 2

=2 +k? Z P Finz" —

n=0

k [oo] oo
b2 b (@) (by2)" = b Y D (ay,a5,a5) (~b,2)"
b, + b, o

n=0

b? z 1D (ay, ay, a5) (by2)" — b Z h® (ay, az, az)(—byz)"

3 QR+kDA +kz—2z%—kz3+z%)
11— (2+k¥z2— 3k + k3)z3 + z* + kz5 — 26
k2 + k(k? + 1)z
1-Q2+k?z?2— @k +k3)z3+2z* + kz> — 28

_ 2+kz—(2+k?)z%-k(2+k?)z3+(2+k?)z*
T 1-(24k?2)z2—(3k+k3)z3+z4+kz5—26

This completes the proof.

Proposition 5: For n € N, the new generating function of the product of Padovan numbers and k-Lucas numbers at
negative indices is given by
2 —kz—Q2+k»z22+kQR+ k22 + 2+ k¥t
ZPLR 7" 1 -(Q2+k?)z2+ Bk +k3)z3 + 2+ —kz5 —z6
Putk = 1in (3.14) we deduce the following proposition

Proposition 6: For n € N, the new generating function of the product of Lucas numbers and Padovan numbers is
given by

2+z-3z2-32z3+32z%
Yoo ByLy z™

1 32z2—-4z3+z%+725-26"
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Replacing b, by 2b;and b,by (-2b,) in (3.5) and (3.7) we obtain

- 1+ 4b,b,e,(aq, a,, a3)z? — 8b,;b,(b; — b,)es(ay, a,, az)z3
Z h£l3)(a1’ az, ag)h.ElZ)(Zbl, [_sz])zn — 172 2( 1 2 3) 1 2( 1 2) 3( 1 2 3)
[Taca(l — 2ab,2) [Iqea(1 + 2ab,z)

n=0

.(3.15)

[ee]

Z(bl—bz)Z + 4b1b2€1 (al, az, a3)Z2 + 16bfb2263 (al, az, a3)Z4

(3) @) n

hy1(ay, az, as)hy” (2by, [-2b,]) 2" = (316
nZo n—1\"1, U2, U3z )liy 1 2 HaeA(l_zablz) HaeA(1+2abzz) ( )
With

[laea(1 = 2ab,2) [1aea(1 + 2ab,z)

=1-2(by—by)es(ay,az,a3)z + <4ez(a1, @z, a3)(by—by)? — 4b, b, <(31(a1' az, as))z — 2e;(ay, ay, a3))> z?
- (863(611, az,a3)(by—by)* — 8byb,(by—b,)(es(ay, az, as)e;y(ay, az, as) — 3ez(ay, a,, a3))) z3 +

(‘16b1b2 (b1—by)?e3(ay, ay, az)e; (a1, a, az) + 16b{b3 ((32 (ay,a,, a3))2 — 2e3(ay, a3, a3)e1(aq, ay, (13))) z*

_32b12b22 (by—by)es(ay, az, az)ey(ay, az, a3)ZS - 64b13b5’(e3 (a1, az, a3))zz6-

e;(a, az,a3) =0
By making the following restrictions < e,(a,, a,, az) = —1 and {
es(ag,az,a3) =1

bl_bZ =X

4bby, = -1 (3.15)and (3.16) we get a new

generating functions

ih(s)( )h(z)(Zb [=2b,]) 2" = 1+ 2% + 2xz3 317
s n (G G2, G3)0n v 225 =77 (—4x2 + 2)z2 — (8x3 — 6x)z3 + z* + 2x2z5 + 26~ (317)
n=
< 2xz + z*
3 ) n
2 -2 = . 1
Z hn-1(01, @z, )by (2by, [=2D,]) 2 14+ (—4x2% + 2)z% — (8x3 — 6x)z3 + z* + 2x25 + z° (3.18)

n=0

By added the formula (3.17) to (3.18) we obtain

Z hng) (Zbl! [_sz]) (h£13)(a11 aZl a3) + h£l3—)1(a1’ az, a3)) Zn
n=0

3 1+ 2xz + z% + 2xz3 + z*
T 14 (—4x2 4 2)z2 — (8x3 — 6x)2z3 + z* + 2x25 + 28

which represents a new generating function of the product of Padovan numbers and Chebychev polynomial of the
second kind such that : P,U, = h?(2b,, [-2b,]) (hﬁf) (a1, a5, a3) + B, (a,, ay, ag)).

Theorem 3: For n € N, the new generating function of the product of Padovan numbers and Chebychev
polynomial of the first kind is given by

< 1+xz+ (1 —2x3)z2+2x(1 — 2xH)z3 + (1 — 2x2)z*
E P, T,(x) z" =
4 1— (4x%2 — 2)z% — (8x3 — 6x)z3 + z* + 2x25 + z°
n=

Proof. We have

T,(x) = h{? (2by, [—2b,]) — xh2, (2by, [-2b,]) (see [23]),
then

[ee)

Tzt = ) (1D (@ a5) + by (a1, 05,5)) (A2 @by, [=2b,1) = %k 2By, [-25,1)) 2"
0 n=0

n=
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= Z h(Z)(pr [_sz]) (hf)(ap az, as) + h1(13_)1(a1, az, as)) z" -

Z h(Z) (2b1. —2b,]) (hff) (ay,ay,a3) + h,(ffl(ap a, as)) z"

Zpu () 2 —xz WD (ay, ay, as)h®, (2by, [~2b,]) 2"

X Z by (ay, a5, a5)hy 2, (2by, [=2b;]) 2"
=0

X
= § PUn(x) 2" — 5——— E hP (ay, az, a3)(2b)" — (=2b,)") 2" | —
n= n=

m (nz;) h1(13—)1(a1; a,, az)((2b)™ — (—2b,)™) Zn>

X
=D Pl 2" = e ) AP (1,0, a) @020 = ) 1P (@05, 5)(=2b,2)"
G 2by + 2b, \ L

n=0

2b1+2b2<2h 21 (@,0,05) (2b,2)" = Zh<3>1(a1,az,a3>( 2b2z)>

_ 1+ 2xz + z% + 2xz3 + z*
T 1— (4x2 — 2)z2 — (8x3 — 6x)23 + z* + 2xz5 + 26

xz + 2x°z% + 4x323 + 2x%z*
1— (4x? — 2)z% — (8x3 — 6x)z3 + z* + 2xz% + z°

_1+xz+ (1 -2x%)2% + 2x(1 — 2x%)2% + (1 — 2x?)z*

1— (4x% — 2)z% — (8x3 — 6x)z3 + z* + 2x25 + z°
This completes the proof.

CONCLUSION

In this paper, by making use of Theorem 1 we have written some new generating functions for the products of
Padovan numbers, k-Fibonacci numbers, k-Lucas numbers and Chebychev polynomials of first and second kinds.
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