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Abstract: In this paper, we introduce a symmetric endomorphism operator 𝛿𝑎1𝑎2
𝑘  allows us to obtain a new 

generating functions involving the product of Padovan numbers, k-Fibonacci numbers, k-Lucas numbers and 

Chebychev polynomials of  first and  second kind. 
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1. INTRODUCTION 

 

Many authors have studied some special number by using homogeneous linear recurrence relations and their 

properties such as: Fibonacci numbers, Lucas numbers, Padovan numbers and Perrin numbers ; see for example, 

[1,2,3,4,5]. The Fibonacci numbers 𝐹𝑛 is defined recurrently by 𝐹𝑛 = 𝐹𝑛−1 + 𝐹𝑛−2,   𝑛 ≥ 2 and 𝐹0 = 1, 𝐹1 = 1.  It is 

well known that the ratio of two consecutive of Fibonacci numbers converges to 𝛼 = (1 + √5)/2  [6]. In similar 

manner, the ratio of two consecutive Padovan numbers converges to Plastic numbers 𝜌 [12]: 

𝜌 = √
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This  value was firstly defined in 1924 by Gérard Cordonnier. The Padovan sequence is the sequence of integers 

𝑃𝑛 defined by the third-order recurrence relation 𝑃𝑛 = 𝑃𝑛−2 + 𝑃𝑛−3, 𝑛 ≥ 3 and the initial values: 𝑃0 = 𝑃1 = 𝑃2 = 1 

[7]. The first values of 𝑃𝑛 are: 1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37,49,…(sequence A000931 in [8]). The 

Padovan numbers are named after the mathematician Richard Padovan . There are many studies concerns about the 

Padovan numbers for example: In [9] Cereceda provied some  determinantal representation of the Padovan numbers 

by using the Hessenberg matrices. In [10]  Yilmaz and Taskara developed the matrix sequence that represent 

Padovan numbers and examined their properties. In this  study, a new generating functions of the product of 

Padovan numbers, 𝑘-Fibonacci numbers and 𝑘-Lucas numbers are given by using some properties of symmetric 

functions. 

2. SYMMETRIC FUNCTIONS  

 

Definition 1:[11] Let 𝑘  and 𝑛  be two positive integer and  {𝑎1, 𝑎2, … , 𝑎𝑛}  are set of given variables the 𝑘 -th 

elementary symmetric function 𝑒𝑘(𝑎1, 𝑎2, … , 𝑎𝑛)are defined by 

   

𝑒𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) = ∑ 𝑎1
𝑖1𝑎2

𝑖2 …

∞

𝑖1+𝑖2+⋯+𝑖𝑛=𝑘

𝑎𝑛
𝑖𝑛 ,       0 ≤ 𝑘 ≤ 𝑛, 

with 𝑖1, 𝑖2, … , 𝑖𝑛 = 0 or 1. 
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Definition 2:[11]  Let 𝑘  and 𝑛  be two positive integer and  {𝑎1, 𝑎2, … , 𝑎𝑛}  are set of given variables the k-th 

complete homogeneous symmetric function ℎ𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) are defined by 

 

ℎ𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) = ∑ 𝑎1
𝑖1𝑎2

𝑖2 …

∞

𝑖1+𝑖2+⋯+𝑖𝑛=𝑘

𝑎𝑛
𝑖𝑛 ,       0 ≤ 𝑘 ≤ 𝑛, 

with 𝑖1, 𝑖2, … , 𝑖𝑛 ≥ 0. 

 

Remark 1: We set 𝑒0(𝑎1, 𝑎2, … , 𝑎𝑛) = 1 and ℎ0(𝑎1, 𝑎2, … , 𝑎𝑛) = 1(by convention). For 𝑘 > 𝑛 or 𝑘 < 0, we set 

𝑒𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) = 0 and ℎ𝑘(𝑎1, 𝑎2, … , 𝑎𝑛)=0. 

 

Remark 2:  Let 𝐴 =  {𝑎1, 𝑎2, … , 𝑎𝑛} an alphabet, we have 

 

ℎ𝑘
𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) = ℎ𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) = 𝑆𝑘(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛). 

 

Definition 3:[12]  Let 𝐴 and 𝐵 be any two alphabets, then we give 𝑆𝑛(𝐴 − 𝐵) by the following form: 

 

∏ (1 − 𝑏𝑧)𝑏∈𝐵

∏ (1 − 𝑎𝑧)𝑎∈𝐴

= ∑ 𝑆𝑛(𝐴 − 𝐵)𝑧𝑛

∞

𝑛=0

,                                                (2.1) 

with the condition 𝑆𝑛(𝐴 − 𝐵)=0 for 𝑛 < 0 [13]. 
 

Remark 3: [14]Taking 𝐴 = {0,0, … ,0} in (2.1) gives 

∑ 𝑆𝑛(−𝐵)𝑧𝑛 =

∞

𝑛=0

∏(1 − 𝑏𝑧).

𝑏∈𝐵

                                                              (2.2) 

Definition 4:[15] Given a function  𝑓on ℝ𝑛, the divided difference operator is defined as follows: 

 

𝜕𝑎𝑖,𝑎𝑖+1
𝑓(𝑎1) =

𝑓(𝑎1, … , 𝑎𝑖 , 𝑎𝑖+1, … , 𝑎𝑛) − 𝑓(𝑎1, … , 𝑎𝑖−1, 𝑎𝑖+1, 𝑎𝑖 , … , 𝑎𝑛)

𝑎𝑖 − 𝑎𝑖+1

. 

Definition 5:[16] The symmetrizing operator 𝛿𝑎1𝑎2
𝑘 is defined by 

𝛿𝑎1𝑎2
𝑘 𝑓(𝑎1) =

𝑎1
𝑘𝑓(𝑎1) − 𝑎2

𝑘𝑓(𝑎2)

𝑎1 − 𝑎2

,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ ℕ.                              (2.3) 

If 𝑓(𝑎1) = 𝑎1, the operator (2.3) gives us 

 

𝛿𝑎1𝑎2
𝑘 𝑓(𝑎1) = ℎ𝑘(𝑎1, 𝑎2) [17]. 

Proposition 1:[18.19] The relations 

 

1)𝐹𝑘,−𝑛 = (−1)𝑛+1𝐹𝑘,𝑛 , 

2) 𝐿𝑘,−𝑛 = (−1)𝑛𝐿𝑘,𝑛. 

 

For all 𝑛 ≥ 0. 

 

3. On the Generating Functions of Some Padovan Numbers and Polynomails  

The following Theorem is one of the key tools of the proof of our main results. 

Theorem 1:[20] Let 𝐴 and 𝐵 be two alphabets, respectively, {𝑎1, 𝑎2, … , 𝑎𝑛} and {𝑏1, 𝑏2}, then we have 

 

∑ ℎ𝑛
(𝑛)(𝑎1, 𝑎2, … , 𝑎𝑛)ℎ𝑘+𝑛−1

(2) (𝑏1, 𝑏2)𝑧𝑛

∞

𝑛=0

=
∑ (−1)𝑛𝑒𝑛(𝑎1, 𝑎2, … , 𝑎𝑛)ℎ𝑘−𝑛−1

(2) (𝑏1, 𝑏2)𝑏1
𝑛𝑏2

𝑛𝑧𝑛𝑘−1
𝑛=0

(∑ (−1)𝑛𝑒𝑛(𝑎1, 𝑎2, … , 𝑎𝑛)(𝑏1𝑧)𝑛∞
𝑛=0 )(∑ (−1)𝑛𝑒𝑛(𝑎1, 𝑎2, … , 𝑎𝑛)(𝑏2𝑧)𝑛∞

𝑛=0 )
 

 

                                                      −
(𝑏1𝑏2)𝑘 ∑ (−1)𝑛+𝑘+1𝑒𝑛+𝑘+1(𝑎1,𝑎2,…,𝑎𝑛)ℎ𝑛

(2)
(𝑏1,𝑏2)𝑧𝑛+1∞

𝑛=0

(∑ (−1)𝑛𝑒𝑛(𝑎1,𝑎2,…,𝑎𝑛)(𝑏1𝑧)𝑛∞
𝑛=0 )(∑ (−1)𝑛𝑒𝑛(𝑎1,𝑎2,…,𝑎𝑛)(𝑏2𝑧)𝑛∞

𝑛=0 )
. 

       In this section, we use the previous theorem in order to derive a new generating function involving the product 

of Padovan numbers, 𝑘-Fibonacci numbers and Chebychev polynomial of first and second kind. 
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3.1. If 𝐴 = {𝑎1, 𝑎2, 𝑎3}, 𝐵 = {1.0} 

 

Lemma 1. Given an alphabet 𝐴 = {𝑎1, 𝑎2, 𝑎3}, we have 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)

∞

𝑛=0

𝑧𝑛 =
1

∏ (1 − 𝑎𝑧)𝑎∈𝐴

 .                                        (3.1)           

From (3.1) we can deduce the following formula :  

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)

∞

𝑛=0

𝑧𝑛 =
𝑧

∏ (1 − 𝑎𝑧)𝑎∈𝐴

,                                         (3.2)           

with 

∏(1 − 𝑎𝑧)

𝑎∈𝐴

= 1 − (𝑎1 + 𝑎2 + 𝑎3)𝑧 + (𝑎1𝑎2 + 𝑎1𝑎3 + 𝑎2𝑎3)𝑧2 − 𝑎1𝑎2𝑎3𝑧3 

                                                     = 1 − 𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧 + 𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧2 − 𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧3. 

 

The substitution {

𝑒1(𝑎1, 𝑎2, 𝑎3) = 0

𝑒2(𝑎1, 𝑎2, 𝑎3) = −1    

𝑒3(𝑎1, 𝑎2, 𝑎3) = 1

in (3.1)  and (3.2) we obtain the following formulas, respectively: 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)

∞

𝑛=0

𝑧𝑛 =
1

1 − 𝑧2 − 𝑧3
.                                                 (3.3) 

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)

∞

𝑛=0

𝑧𝑛 =
𝑧

1 − 𝑧2 − 𝑧3
.                                                      (3.4)        

By added the formula (3.3) to (3.4) we obtain 

∑ (ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3))∞
𝑛=0 𝑧𝑛 =

1+𝑧

1−𝑧2−𝑧3, 

which represents a generating function of Padovan numbers 

Corollary 1: For 𝑛 ∈ ℕ, we have  

𝑃𝑛 = ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3). 

3.2.  If 𝐴 = {𝑎1, 𝑎2, 𝑎3}, 𝐵 = {𝑏1, 𝑏2}   

Based on the theorem 1 (𝑘 = 1,2) we get the following Lemmas 

Lemma 2:[21] Given two alphabets 𝐴 = {𝑎1, 𝑎2, 𝑎3} and  𝐵 = {𝑏1, 𝑏2}, we have 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, 𝑏2)

∞

𝑛=0

𝑧𝑛 =
1 − 𝑏1𝑏2𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧2 + 𝑏1𝑏2(𝑏1 + 𝑏2)𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧3

∏ (1 − 𝑎𝑏1𝑧) ∏ (1 − 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

.  (3.5) 

Lemma 3: Given two alphabets 𝐴 = {𝑎1, 𝑎2, 𝑎3} and  𝐵 = {𝑏1, 𝑏2}, we have 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛+1

(2) (𝑏1, 𝑏2)

∞

𝑛=0

𝑧𝑛 =
(𝑏1+𝑏2) − 𝑏1𝑏2𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧 + 𝑏1

2𝑏2
2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧3

∏ (1 − 𝑎𝑏1𝑧) ∏ (1 − 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

.     (3.6) 

From (3.6) we can deduce 

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, 𝑏2)

∞

𝑛=0

𝑧𝑛 =
(𝑏1+𝑏2)𝑧 − 𝑏1𝑏2𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧2 + 𝑏1

2𝑏2
2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧4

∏ (1 − 𝑎𝑏1𝑧) ∏ (1 − 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

.   (3.7) 

By replacing 𝑏2 by (−𝑏2)in (3.5) and (3.7) we obtain, respectively, the following relationships 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, [−𝑏2])

∞

𝑛=0

𝑧𝑛 =
1 + 𝑏1𝑏2𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧2 − 𝑏1𝑏2(𝑏1 − 𝑏2)𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧3

∏ (1 − 𝑎𝑏1𝑧) ∏ (1 + 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

.   (3.8) 
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∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, [−𝑏2])

∞

𝑛=0

𝑧𝑛 =
(𝑏1−𝑏2)𝑧 + 𝑏1𝑏2𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧2 + 𝑏1

2𝑏2
2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧4

∏ (1 − 𝑎𝑏1𝑧) ∏ (1 + 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

, (3.9) 

with 

 ∏ (1 − 𝑎𝑏1𝑧) ∏ (1 + 𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴  

               = 1 − (𝑏1−𝑏2)𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧 + (𝑒2(𝑎1, 𝑎2, 𝑎3)(𝑏1−𝑏2)2 − 𝑏1𝑏2 ((𝑒1(𝑎1, 𝑎2, 𝑎3))
2

− 2𝑒2(𝑎1, 𝑎2, 𝑎3))) 𝑧2 

               − (𝑒3(𝑎1, 𝑎2, 𝑎3)(𝑏1−𝑏2)3 − 𝑏1𝑏2(𝑏1−𝑏2)(𝑒2(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3) − 3𝑒3(𝑎1, 𝑎2, 𝑎3))) 𝑧3 +             

              (−𝑏1𝑏2(𝑏1−𝑏2)2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3) + 𝑏1
2𝑏2

2 ((𝑒2(𝑎1, 𝑎2, 𝑎3))
2

− 2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3))) 𝑧4 

                   −𝑏1
2𝑏2

2(𝑏1−𝑏2)𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧5 − 𝑏1
3𝑏2

3(𝑒3(𝑎1, 𝑎2, 𝑎3))
2

𝑧6.  

 

The substitution  {

𝑒1(𝑎1, 𝑎2, 𝑎3) = 0

𝑒2(𝑎1, 𝑎2, 𝑎3) = −1

𝑒3(𝑎1, 𝑎2, 𝑎3) = 1

 and  {
𝑏1−𝑏2 = 𝑘
𝑏1𝑏2 = 1

 in (3.8)and (3.9) give 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, [−𝑏2])

∞

𝑛=0

𝑧𝑛 =
1 − 𝑧2 − 𝑘𝑧3

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
.    (3.10) 

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(𝑏1, [−𝑏2])

∞

𝑛=0

𝑧𝑛 =
𝑘𝑧 + 𝑧4

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
 .  (3.11) 

By added the formula (3.10) to (3.11) we obtain: 

∑ ℎ𝑛
(2)(𝑏1, [−𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

𝑧𝑛 =
1 + 𝑘𝑧 − 𝑧2 − 𝑘𝑧3+𝑧4

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
, 

(3.12)     

which represents a new generating function, involving the product of Padovan numbers with 𝑘- Fibonacci numbers, 

such that:  𝑃𝑛𝐹𝑘,𝑛 = ℎ𝑛
(2)(𝑏1, [−𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)). 

Proposition 2: For 𝑛 ∈ ℕ , the new generating function of the product of Padovan numbers and 𝑘 -Fibonacci 

numbers at negative indices  is given by 

∑ 𝑃𝑛𝐹𝑘,−𝑛

∞

𝑛=0

𝑧𝑛 =
−1 + 𝑘𝑧 + 𝑧2 − 𝑘𝑧3−𝑧4

1 − (2 + 𝑘2)𝑧2 + (3𝑘 + 𝑘3)𝑧3 + 𝑧4 − 𝑘𝑧5 − 𝑧6
.                  (3.13) 

 

Put 𝑘 = 1in (3.12)and (3.13) we deduce the following propositions 

Proposition 3: For 𝑛 ∈ ℕ, the new generating function of the product of Padovan numbers and Fibonacci numbers 

is given by 

∑ 𝑃𝑛𝐹𝑛

∞

𝑛=0

𝑧𝑛 =
1 + 𝑧 − 𝑧2 − 𝑧3+𝑧4

1 − 3𝑧2−4𝑧3 + 𝑧4 + 𝑧5 − 𝑧6
. 

Proposition 4: For 𝑛 ∈ ℕ, the new generating function of the product of Padovan numbers and Fibonacci numbers at 

negative indices is given by 

∑ 𝑃𝑛𝐹−𝑛

∞

𝑛=0

𝑧𝑛 =
−1 + 𝑧 + 𝑧2 − 𝑧3−𝑧4

1 − 3𝑧2+4𝑧3 + 𝑧4 − 𝑧5 − 𝑧6
. 
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Theorem 2: For 𝑛 ∈ ℕ, the new generating function of the product of 𝑘-Lucas numbers and Padovan numbers is 

given by       

∑ 𝑃𝑛𝐿𝑘,𝑛

∞

𝑛=0

𝑧𝑛 =
2 + 𝑘𝑧 − (2 + 𝑘2)𝑧2 − 𝑘(2 + 𝑘2)𝑧3 + (2 + 𝑘2)𝑧4

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
.                       (3.14) 

 
Proof. We have  

𝐿𝑘,𝑛 = (2 + 𝑘2)ℎ𝑛
(2)(𝑏1, [−𝑏2]) − k ℎ𝑛+1

(2) (𝑏1, [−𝑏2]) (𝑠𝑒𝑒[22]), 

then  

∑ 𝑃𝑛𝐿𝑘,𝑛

∞

𝑛=0

𝑧𝑛 = ∑ (ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

((2 + 𝑘2)ℎ𝑛
(2)(𝑏1, [−𝑏2]) − k ℎ𝑛+1

(2) (𝑏1, [−𝑏2])) 𝑧𝑛 

                                = (2 + 𝑘2) ∑ ℎ𝑛
(2)(𝑏1, [−𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

𝑧𝑛 − 

                                       𝑘 ∑ ℎ𝑛+1
(2) (𝑏1, [−𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

 ∞

𝑛=0

𝑧𝑛 

                                = (2 + 𝑘2) ∑ 𝑃𝑛𝐹𝑘,𝑛

 ∞

𝑛=0

𝑧𝑛 − 𝑘 ∑ ℎ𝑛+1
(2) (𝑏1, [−𝑏2])ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3)

 ∞

𝑛=0

𝑧𝑛 

                                           −𝑘 ∑ ℎ𝑛+1
(2) (𝑏1, [−𝑏2])ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3)

 ∞

𝑛=0

𝑧𝑛 

                                  = (2 + 𝑘2) ∑ 𝑃𝑛𝐹𝑘,𝑛

 ∞

𝑛=0

𝑧𝑛 − 𝑘 ∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)

𝑏1
𝑛+2 − (−𝑏2)𝑛+2

𝑏1 + 𝑏2

 ∞

𝑛=0

𝑧𝑛 

                                          −𝑘 ∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)

𝑏1
𝑛+2 − (−𝑏2)𝑛+2

𝑏1 + 𝑏2

 ∞

𝑛=0

𝑧𝑛 

 

                                 = (2 + 𝑘2) ∑ 𝑃𝑛𝐹𝑘,𝑛

 ∞

𝑛=0

𝑧𝑛 − 

𝑘

𝑏1 + 𝑏2

(𝑏1
2 ∑ ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3)(𝑏1𝑧)𝑛

 ∞

𝑛=0

− 𝑏2
2 ∑ ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3)(−𝑏2𝑧)𝑛

 ∞

𝑛=0

) 

                                                                 

−
𝑘

𝑏1 + 𝑏2

(𝑏1
2 ∑ ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3)(𝑏1𝑧)𝑛

 ∞

𝑛=0

− 𝑏2
2 ∑ ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3)(−𝑏2𝑧)𝑛

 ∞

𝑛=0

) 

  

                            

                                 =
(2 + 𝑘2)(1 + 𝑘𝑧 − 𝑧2 − 𝑘𝑧3+𝑧4)

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
− 

                                              
𝑘2 + 𝑘(𝑘2 + 1)𝑧

1 − (2 + 𝑘2)𝑧2 − (3𝑘 + 𝑘3)𝑧3 + 𝑧4 + 𝑘𝑧5 − 𝑧6
 

 

                                    =
2+𝑘𝑧−(2+𝑘2)𝑧2−𝑘(2+𝑘2)𝑧3+(2+𝑘2)𝑧4

1−(2+𝑘2)𝑧2−(3𝑘+𝑘3)𝑧3+𝑧4+𝑘𝑧5−𝑧6 . 

This completes the proof. 

 

Proposition 5:  𝐹𝑜𝑟 𝑛 ∈ ℕ, the new generating function of the product of Padovan numbers and k-Lucas numbers at 

negative indices is given by 

∑ 𝑃𝑛𝐿𝑘,−𝑛

∞

𝑛=0

𝑧𝑛 =
2 − 𝑘𝑧 − (2 + 𝑘2)𝑧2 + 𝑘(2 + 𝑘2)𝑧3 + (2 + 𝑘2)𝑧4

1 − (2 + 𝑘2)𝑧2 + (3𝑘 + 𝑘3)𝑧3 + 𝑧4 − 𝑘𝑧5 − 𝑧6
.   

Put 𝑘 = 1 in (3.14) we deduce the following proposition 

Proposition 6:  𝐹𝑜𝑟 𝑛 ∈ ℕ, the new generating function of the product of Lucas numbers and Padovan numbers is 

given by 

∑ 𝑃𝑛𝐿𝑛
∞
𝑛=0 𝑧𝑛 =

2+𝑧−3𝑧2−3𝑧3+3𝑧4

1−3𝑧2−4𝑧3+𝑧4+𝑧5−𝑧6. 
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Replacing 𝑏1by 2𝑏1and 𝑏2by (-2𝑏2) in (3.5) and (3.7) we obtain 

 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛 =
1 + 4𝑏1𝑏2𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧2 − 8𝑏1𝑏2(𝑏1 − 𝑏2)𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧3

∏ (1 − 2𝑎𝑏1𝑧) ∏ (1 + 2𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

 . (3.15) 

 

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛 =
2(𝑏1−𝑏2)𝑧 + 4𝑏1𝑏2𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧2 + 16𝑏1

2𝑏2
2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑧4

∏ (1 − 2𝑎𝑏1𝑧) ∏ (1 + 2𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴

 . (3.16) 

With 

 ∏ (1 − 2𝑎𝑏1𝑧) ∏ (1 + 2𝑎𝑏2𝑧)𝑎∈𝐴𝑎∈𝐴  

= 1 − 2(𝑏1−𝑏2)𝑒1(𝑎1, 𝑎2, 𝑎3)𝑧 + (4𝑒2(𝑎1, 𝑎2, 𝑎3)(𝑏1−𝑏2)2 − 4𝑏1𝑏2 ((𝑒1(𝑎1, 𝑎2, 𝑎3))
2

− 2𝑒2(𝑎1, 𝑎2, 𝑎3))) 𝑧2 

    − (8𝑒3(𝑎1, 𝑎2, 𝑎3)(𝑏1−𝑏2)3 − 8𝑏1𝑏2(𝑏1−𝑏2)(𝑒2(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3) − 3𝑒3(𝑎1, 𝑎2, 𝑎3))) 𝑧3 + 

(−16𝑏1𝑏2(𝑏1−𝑏2)2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3) + 16𝑏1
2𝑏2

2 ((𝑒2(𝑎1, 𝑎2, 𝑎3))
2

− 2𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒1(𝑎1, 𝑎2, 𝑎3))) 𝑧4 

    −32𝑏1
2𝑏2

2(𝑏1−𝑏2)𝑒3(𝑎1, 𝑎2, 𝑎3)𝑒2(𝑎1, 𝑎2, 𝑎3)𝑧5 − 64𝑏1
3𝑏2

3(𝑒3(𝑎1, 𝑎2, 𝑎3))
2

𝑧6. 

By making the  following restrictions  {

𝑒1(𝑎1, 𝑎2, 𝑎3) = 0

𝑒2(𝑎1, 𝑎2, 𝑎3) = −1

𝑒3(𝑎1, 𝑎2, 𝑎3) = 1

 and  {
𝑏1−𝑏2 = 𝑥

4𝑏1𝑏2 = −1
 in (3.15)and (3.16) we get a new 

generating functions 

∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛 =
1 + 𝑧2 + 2𝑥𝑧3

1 + (−4𝑥2 + 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
 .           (3.17) 

∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛

(2)(2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛 =
2𝑥𝑧 + 𝑧4

1 + (−4𝑥2 + 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
  .             (3.18) 

 

By added the formula (3.17) to (3.18) we obtain 

∑ ℎ𝑛
(2)(2𝑏1, [−2𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

𝑧𝑛

=
1 + 2𝑥𝑧 + 𝑧2 + 2𝑥𝑧3 + 𝑧4

1 + (−4𝑥2 + 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
, 

which represents a new generating function of the product of Padovan numbers and Chebychev polynomial of the  

second kind such that :  𝑃𝑛𝑈𝑛 = ℎ𝑛
(2)(2𝑏1, [−2𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)). 

Theorem 3:  𝐹𝑜𝑟 𝑛 ∈ ℕ, the new generating function of the product of Padovan numbers and Chebychev 

polynomial of the first kind is given by 

 

∑ 𝑃𝑛𝑇𝑛(𝑥)

∞

𝑛=0

𝑧𝑛 =
1 + 𝑥𝑧 + (1 − 2𝑥2)𝑧2 + 2𝑥(1 − 2𝑥2)𝑧3 + (1 − 2𝑥2)𝑧4

1 − (4𝑥2 − 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
. 

Proof.  We have  

 

𝑇𝑛(𝑥) = ℎ𝑛
(2)(2𝑏1, [−2𝑏2]) − 𝑥ℎ𝑛−1

(2) (2𝑏1, [−2𝑏2])   (𝑠𝑒𝑒 [23]), 
then  

 

∑ 𝑃𝑛𝑇𝑛

∞

𝑛=0

𝑧𝑛 = ∑ (ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1

(3) (𝑎1, 𝑎2, 𝑎3)) (ℎ𝑛
(2)(2𝑏1, [−2𝑏2]) − 𝑥ℎ𝑛−1

(2) (2𝑏1, [−2𝑏2]))

∞

𝑛=0

𝑧𝑛 
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                                  = ∑ ℎ𝑛
(2)(2𝑏1, [−2𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

𝑧𝑛 − 

𝑥 ∑ ℎ𝑛−1
(2) (2𝑏1, [−2𝑏2]) (ℎ𝑛

(3)(𝑎1, 𝑎2, 𝑎3) + ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3))

∞

𝑛=0

𝑧𝑛 

                                 

= ∑ 𝑃𝑛𝑈𝑛(𝑥)

∞

𝑛=0

𝑧𝑛 − 𝑥 ∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)ℎ𝑛−1

(2) (2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛

− 𝑥 ∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)ℎ𝑛−1

(2) (2𝑏1, [−2𝑏2])

∞

𝑛=0

𝑧𝑛 

 

                               = ∑ 𝑃𝑛𝑈𝑛(𝑥)

∞

𝑛=0

𝑧𝑛 −
𝑥

2𝑏1 + 2𝑏2

(∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)((2𝑏1)𝑛 − (−2𝑏2)𝑛)

∞

𝑛=0

𝑧𝑛) − 

 

                   

𝑥

2𝑏1 + 2𝑏2

(∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)((2𝑏1)𝑛 − (−2𝑏2)𝑛)

∞

𝑛=0

𝑧𝑛) 

                               

                                    

                        = ∑ 𝑃𝑛𝑈𝑛(𝑥)

∞

𝑛=0

𝑧𝑛 −
𝑥

2𝑏1 + 2𝑏2

(∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)(2𝑏1𝑧)𝑛

∞

𝑛=0

− ∑ ℎ𝑛
(3)(𝑎1, 𝑎2, 𝑎3)(−2𝑏2𝑧)𝑛

∞

𝑛=0

) 

 

                 −
𝑥

2𝑏1 + 2𝑏2

(∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)(2𝑏1𝑧)𝑛

∞

𝑛=0

− ∑ ℎ𝑛−1
(3) (𝑎1, 𝑎2, 𝑎3)(−2𝑏2𝑧)𝑛

∞

𝑛=0

) 

                                  =
1 + 2𝑥𝑧 + 𝑧2 + 2𝑥𝑧3 + 𝑧4

1 − (4𝑥2 − 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
− 

 

                                        
𝑥𝑧 + 2𝑥2𝑧2 + 4𝑥3𝑧3 + 2𝑥2𝑧4

1 − (4𝑥2 − 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
 

 

                                 =
1 + 𝑥𝑧 + (1 − 2𝑥2)𝑧2 + 2𝑥(1 − 2𝑥2)𝑧3 + (1 − 2𝑥2)𝑧4

1 − (4𝑥2 − 2)𝑧2 − (8𝑥3 − 6𝑥)𝑧3 + 𝑧4 + 2𝑥𝑧5 + 𝑧6
. 

This completes the proof. 

 

CONCLUSION 

In this paper,  by making  use of Theorem 1 we have written some new generating functions for the products of 

Padovan numbers, 𝑘-Fibonacci numbers,  𝑘-Lucas numbers and Chebychev polynomials of first and second kinds. 
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