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INTRODUCTION
The idea of rough convergence was introduced by Phu [11], who also introduced the
concepts of rough limit points and roughness degree. The idea of rough convergence occurs very
naturally in numerical analysis and has interesting applications. Aytar [1] extended the idea of
rough convergence into rough statistical convergence using the notion of natural density just as
usual convergence was extended to statistical convergence. Pal et al. [10] extended the notion of
rough convergence using the concept of ideals which automatically extends the earlier notions of
rough convergence and rough statistical convergence.
A triple sequence (real or complex) can be defined as a function Xx:NxNxN — R(C),
where N,R and C denote the set of natural numbers, real numbers and complex numbers

respectively. The different types of notions of triple sequence was introduced and investigated at
the initial by Sahiner et al. [12,13], Esi et al. [2-4], Datta et al. [5],Subramanian et al. [14],

Debnath et al. [6] and many others.
A triple sequence x = (x,,,) Is said to be triple analytic if

1
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The space of all triple analytic sequences are usually denoted by A®. A triple sequence

x=(x_ ) is called triple gai sequence if

mnk

m+n-+k)!x ﬁ—masm,n,k—)oo.
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The space of all triple gai sequences are usually denoted by z°.
In this paper we denote (7/,77) as a sliding window pair provided:
(1) » and n are both nondecreasing nonnegative real valued measurable functions defined
on [0,),
(ii) 7 (a) <n(ea) for every positive real number «, and 7(a)—>«© as a — o,
(iii) I|m|nfabC (n(a) ( ))>0 and
(iv) (0 U{ (s)]:SSa} forall o > 0.

Suppose Iabc—(y(a),n(a)] and 7(a)-y(a)=u(l,.), where u(A) denotes the
Lebesgue measure of the set A.

2 Definitions and Preliminaries

Definition 2.1 An Orlicz function ([see [7]) is a function M :[O,oo)—>[0,oo) which is
continuous, non-decreasing and convex with M (0)=0, M (x)>0, for x>0 and M (x)—
as x — oo. If convexity of Orlicz function M is replaced by M (x+y)<M (x)+M (y), then this

function is called modulus function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct Orlicz
sequence space.

A sequence g =(g,,) defined by

G (V) = sup{VJu—(f,, )(u):u=0},mnk=12,:-
is called the complementary function of a Musielak-Orlicz function f . For a given Musielak-
Orlicz function f, [see [9] ] the Musielak-Orlicz sequence space t, is defined as follows

t, = {X€W3 ([ X

1/m+n+k
) ™50 as m,n,k—>oo},

where 1, is a convex modular defined by

= zzz fmnk (|ank |)l/m+n+k X = (ank ) € tf .

m=1n=1k=1

We consider t, equipped with the Luxemburg metric

© o o 1/m+n+k
(xy) =ZZmenk(| Yo — ]

=1n=1k=1



is an extended real number.

Definition 2.2 Let X,Y be a real vector space of dimension w, where n<m. A real
valued function d (x,,...,x,) =P(d,(x;,0),...,d, (x,,0)) P, on X satisfying the following four

conditions:
(i) P(d,(x,0),...,d,(x,,0)P,=0 if and only if d,(x,0),...,d (x,,0) are linearly

dependent,
(i) P(d,(x,,0),...,d,(x,,0)) P, is invariant under permutation,

(iii) P(ad,(x,,0),...,d, (x,,0)) Pp=|oc| P(d,(x,,0),...,d,(X,,0) P, eR

(iv)
A, (0%, Y0, (60 Vo) (%00 ¥)) = (0 (6 X1 X)P 4+, (Y, Voo oo Y,)® ) fOFL< p < eo; (o)

(V) A (%0 Y2 (X Yo ) (% V) ) 2= SUP{ Ay (X X0+ %, ), Gy (Vs Yoo Y

for X, X=X, €X,¥,Y,,---y, €Y is called the p product metric of the Cartesian
product of n metric spaces (see [15]) .

Definition 2.3 Let =(4,

abc

) be a non-decreasing sequence of positive real numbers
tending to infinity and 4,, =1 and A,,,...; <A4,.,...; +1, for all a,b,c e N. The collection of all

such triple sequences A is denoted by 3
The generalized de la Vall e e- Poussin means are defined by

abc abc Z ank !

m,nkel
where 1, =[abc—4,, +1,abc]. A sequence X_(ank) is said to (V,4)— summable to a

number L if t, (x) —> L, as abc — oo.

Definition 2.4 A triple sequence spaces of ( X, ) is said to strong (V, 4) summable (or
shortly : [V, 41]— convergentto 0 if

lim — z ZZ|ank,O|

abc—oo /1 abc mel nelbkel

In this case write X . —“* 0.

mnk

Definition 2.5 A triple sequence spaces of (X, ) is said to be A statistically
convergent (or shortly: S, — convergent) to 0 if for any ¢ >0,

1
im —(m,nk)el__:(X__,0 ‘
a!)!:Toc b {( )E abc mnk | }
In this case we write S, —lim X, =0 orby X, )

Let f be a Musielak Orlicz function; q be positive real number then we define the

following definitions:
Let (7,7) asasliding window pair and g:[0,0) - R® a measurable function. Then;



Definition 2.6 The function g is N(»,7 f,q) summable to 0 and write
N (7.7 f.q)-limg=0(or g—0 N(y,7,f,q)) ifand only if

atirﬂw(labc)j'abcf (|g(t)’6|q)dt =0

Definition 2.7 Let «,q be non negative real number. The function g is N(;/,n, f,q)
summable to 0. A triple sequence spaces of (X, ) of random variables is said to be rough
[V,}L]— summable in probability to X :W xW xW — RxR xR with respect to the roughness of
degree o (or shortly: a—[V,A]— summable in probability to O if for any £ >0,

,u(te I, f (P(|ank(g(t)),5|q)2a+8)):O.

" 0. The class of all rough [V,4]- summable triple sequence

lim —
abc—oo ﬂabc /u( Iabc)

[v

In this case we write X, —,

mnk

spaces of random variables in probability will be denoted simply by « [V : /I]P .

Definition 2.8 Let «,q be non negative real number. The function g is N(;/,ry, f,q)
summable to 0. A triple sequence spaces of (X,,, ) of random variables is said to be rough 4 -

statistically convergent in probability to X :W xW xW — RxR xR with respect to the roughness
of degree a (or shortly: a — A — statistically convergent in probability to 0) if for any ,6 >0,

ﬂ(|{t & L TP (X e (9(1)).0) 2a+3)25}|)) =0.

im ———
abe—o ﬂ’abc :u(labc)

P _
In this case we write S(7,7, f,q) X, —.* 0. The class of all &~ A - statistically convergent

mnk

triple sequence spaces of random variables in probability will be denoted simply by aS!.

Remark 2.1 Let f be an sliding window pair of measurable Musielak-Orlicz function of
triple sequence is

[2.(d(4), 0 ()., (x,))],
= [ (X (0 ) (006,805 8 5,)

1Um+n+k _)

where ,umnk(x(g(t))):(((m+n+k)!xmnk(g(t))) ,0

)]

3 Main Results

Theorem 3.1 Let a triple sequence spaces of (ank (g (t))) of random variables of sliding

window pair of measurable Musielak Orlicz functions are equivalent:



a—-[V,A]- summable in

74 (X (9(0)). (A1), 8 () A (0, )i

(i)

probability to 0.
(i) ||;(f(d (%),d(x,),.d (xM))||p is a — A — statistically convergent in probability to

ol

Proof. Similar to the proof of Theorem (3.1) in (see [17] ).

Theorem 3.2 Let a triple sequence spaces of (ank (g (t))) of random variables of sliding

window pair of measurable Musielak Orlicz functions.

If
71 (X (9(0)):(8 (6,8 ()., (x,)) 3 0
and
25 (Yo (9(1))).(d (%), 4 (%,). -+, d (x,,))] =5 0
then
1 1

lim
abc—oo ﬂ’abc /u( Iabc )

/umnk(x (g(t)))'(d(xl)’d(Xz)""’d(xn—l)) .

ol

Proof. Similar to the proof of Theorem (3.1) in (see [16] ).

Theorem 3.3 Let a triple sequence spaces of (ank (g (t))) of random variables of sliding

window pair of measurable Musielak Orlicz functions. If 1 €3 is such that abzﬂé ;b") =1 then
abc

aS! caS”.
ﬂ’abc:u(labc) :1

Let 0<n<1 be given. Since liMabcee (b) we can choose
abc

Proof.

labc”—(la'”)—l <7 torall (a,b,c)>(u,v,w). Now, for £,6 >0

(abc)

(u,v,w)e NxNxN such that

Hom (X (9 (1)), (e (%).1 (%), d (x,.,))

abc

{(mnk) < (abc): ﬂ(PU[ oo




2a+8)25)}‘

1

:%K(mnk)S(abc)—)tabcy(labc):

y{Pﬂ[fmnk (Hymnk(x(g(t))),(d(xl),d(xz),---,d(xn1))Hp)} 2a+gj25}}

(k)< )|

y{PU[fmnk(Hymnk(X(g(t))),(d(xl)d(x) d(x,.) )} a+5j25}J

e el L () )

y{P(‘[fmnk(Hymnk(x(g(t))),(d(xl)d(x) d(x,.) )} a+5j25}J

1—(1—%)+i|((mnk) € lye ]

ﬂ{pﬂ[fnk(Hymnk(x(g(t))) (41,8 (), d (., )} a+gJZ§H,
then

e i o=t

y{P[\[f o (X (0 )8 ). 8 ) 8 ), ) ja}]

holds for all (a,b,c)>(u,v,w).
Theorem 3.4 Let a triple sequence spaces of (ank (g (t))) of random variables of sliding

window pair of measurable Musielak Orlicz functions, aS* caS! if and only if

. Ao
apc—oo 2 >0
limap (abc)



ﬂabc:u ( Iabc )

(abc)

Proof. Let limape_o > 0. Then for £,6 >0, we have

i|( mnk ) < (abc) |

. ([

ﬂmnk (9(1)).(d(x).d (). d(x,1))
|((mnk) looe -

,Umnk g(t)))’(d(Xi)’d(xz)”ﬁd(xnfl))

mnk

a
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abc

mnk
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Taking limit abc — o« we get

(X (9(0)) (8 (5.0 () 0 (3,

o (X (1)), (d (%) d ()., d (%,1))

st =
-1 0.

p

(X (9(0)):(d (%) 4 (%)++,d (x,1)

ﬂ’abclu ( I abc )

Conversely, let [im e =0 then we can choose a subsequence (a b,,c

u’ v W)u,v,WeNxNxN

(abc)
/1ubv CW'u(laubvcw) l 3 . .y . .
such that < for all u,v,we N”. Define a sliding window rough triple
a,,b,,c, uvw

sequence spaces of (ank (g (t))) for measurable function of random variables whose probability

density function is
1, if 0<X<1

/uabc(x (9 (t))) - {0, otherwise , where(abc) e 1, forsome (uvw) € N°

Let 0<eg,8<1. Then
e (X (0O (0 01) 80 8] 220

e
1, if (abc)e I, forsome (uvw) e N°
{(

1——} , otherwise .



We have

1
_— kel :
/labc/u(labc)|((mn )E abc

b (X (9O)). (0 04) 1 05) . ) )

_ {1, if (abc)e I, forsome(uvw) e N°®

(e

o]

abc

0, otherwise .

Hence

7 (X (9 (0)): (@ (x),0 ()0 (x,))]
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